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ABSTRACT
As noted first by Sunyaev & Churazov (1984), the 3.071 mm hyperfine line
from 57Fe+23 might be observable in astrophysical plasmas. We assess the atomic
processes which might contribute to the excitation of this line. The distorted
wave approximation was used to compute the direct electron collision strength
between the two hyperfine sublevels of the ground configuration; it was found to
be small. Proton collisional excitation was calculated and found to be negligible.
We determine the rate of line excitation by electron collisional excitation of more
highly excited levels, followed by radiative cascades. The branching ratios for hy-
perfine sublevels for allowed radiative decays and electron collisional excitation
or de-excitation are derived. We show that the dominant line excitation process
is electron collisional excitation of the 2p levels followed by radiative decay, as
first suggested by Sunyaev & Churazov (1984). We calculate an effective collision
strength for excitation of the hyperfine line, including all of these effects and cor-
recting for resonances. Because the hyperfine line is near the peak in the Cosmic
Microwave Background Radiation spectrum, induced radiative processes are also
very important. The effect of background radiation on the level populations and
line excitation is determined.
We determine the intensity of the hyperfine line from an isothermal, coronal
plasma in collisional ionization equilibrium. Because of the variation in the ion-
ization fraction of Fe+23, the emissivity peaks at a temperature of about 1.8×107
K. We have also derived the hyperfine line luminosity emitted by a coronal plasma
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cooling isobarically due to its own radiation. Comparisons of the hyperfine line
to other lines emitted by the same ion, Fe+23, are shown to be useful for deriving
the isotopic fraction of 57Fe. We calculate the ratios of the hyperfine line to the
2s—2p EUV lines at 192 A˚ and 255 A˚, and the 2s–3p X-ray doublet at 10.6 A˚.
Subject headings: atomic data — atomic processes — hyperfine structure — line
formation — radiative transfer — radio lines: general
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1. INTRODUCTION
Astrophysically, the most important and well studied atom exhibiting hyperfine struc-
ture is the neutral hydrogen atom. Its hyperfine transition at 21 cm has been observed for
many years both in emission and absorption in the gas in our Galaxy and other galaxies, and
has provided information on the velocity structure of these systems (see Dickey & Lockman
1990 for a review). Besides this line, hyperfine emission from 3He has also been observed in
our Galaxy in planetary nebulae (Balser et al. 1997) and H II regions (Rood et al. 1995).
There have also been a number of searches for the 92 cm hyperfine line in deuterium (e.g.,
Lubowich, Anantharamiah, & Pasachoff 1989). In this paper, we are concerned with another
atomic hyperfine transition which could possibly be of astrophysical interest — the 3.071 mm
line (Shabaeva & Shabaev 1992) in Li-like 57Fe. As originally suggested by Sunyaev & Chu-
razov (1984), it is potentially observable in a variety of astrophysical systems containing very
diffuse, hot plasma (T ∼ 107 K), including clusters of galaxies, elliptical galaxies, hot inter-
stellar gas in our own Galaxy, and supernova remnants. In a related paper, we calculate the
line intensities expected from cooling flow and non-cooling flow clusters of galaxies (D’Cruz
& Sarazin 1997; hereafter Paper II).
In the hot plasmas which would emit the 57Fe hyperfine line, the dominant radiation is
X-ray line and continuum emission. However, observations of the 57Fe hyperfine line might
have several advantages compared to X-ray line observations of the same plasma. First,
the atmospheric absorption at 3.071 mm is low enough to allow ground based observations
with large radio telescopes. Second, the spectral resolution of radio detectors vastly exceeds
that of all existing or planned astrophysical X-ray spectrometers. Thus, observations of the
3.071 mm line could be used to determine the velocity field (bulk motions, turbulence, and
thermal velocities) in the hot gas in clusters of galaxies and supernova remnants. Third,
the detection of this 57Fe hyperfine line would allow the abundance of this isotope to be
determined relative to the more common 56Fe isotope. Since these two isotopes are produced
by different nuclear processes, this would provide a powerful constraint of nucleosynthesis in
supernova remnants and on the chemical history of the intracluster gas. In this regard, the
most direct measure of the isotope ratio comes from the ratio of the radio line from 57Fe to
the EUV and X-ray lines from the same ion, Fe XXIV.
The 3.071 mm hyperfine line arises from the ground level (1s2 2s 2S1/2) of
57Fe XXIV.
The nuclear spin of the 57Fe isotope is I = 1/2, so the total angular momentum is F = 0
or 1. We denote the lower hyperfine sublevel (F = 0) with the subscript l, and the upper
hyperfine sublevel (F = 1) with the subscript u. The statistical weights of the hyperfine
sublevels are gl = 1 and gu = 3. The rate of spontaneous radiative decay of the upper
sublevel is Aul = 9.4× 10
−10 s−1 (Sunyaev & Churazov 1984).
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In this paper, we evaluate the atomic processes that lead to the production of the
hyperfine line in Li-like 57Fe. We consider direct electron collisional excitation (§ 2.1), proton
collisional excitation (§ 2.2), indirect excitation to higher levels followed by radiative cascades
(§ 3), and stimulated radiative processes due to the Cosmic Microwave Background Radiation
(CMBR) field (§ 4). We present new calculations for the rate of direct electron excitation of
the upper hyperfine line (§ 2.1), and for indirect excitation of the 2p sublevels in the same
ion, followed by cascade (§ 3.3). We derive the branching ratios for radiative and collisional
transitions between the hyperfine sublevels of 57Fe XXIV (§§ 3.1, 3.2). A total effective
collision strength for exciting the line is given in § 3.5. The rate of excitation due resonant
scattering of UV and X-ray lines (optical pumping) is discussed in § 3.6. The radiative
transfer of the line and of the CMBR is discussed in § 5. The resulting line intensities in a
few simple situations are given in § 6, where they are also compared to the line intensities
for several EUV and X-ray lines from Fe XXIV. Finally, the results are summarized in § 7.
These excitation rates are used to predict the fluxes of this line from clusters in Paper II.
2. DIRECT COLLISIONAL EXCITATION
2.1. Direct Electron Collisional Excitation
The cross-section for direct electron collisional excitation of the excited hyperfine sub-
level is σ(E) = [Ωlu/(glE)]πa
2
o, where E is the colliding electron kinetic energy (in Ryd), ao
is the Bohr radius, and Ωlu is the collision strength. The direct electron collision strength
between the hyperfine sublevels was calculated using the distorted wave approximation code
developed by Eissner & Seaton (1972). For the Li-like target wavefunctions, the SUPER-
STRUCTURE code was used. At the temperatures of interest, the excitation energy of the
upper hyperfine sublevel, ∆Elu, is very small compared to the kinetic energy of the colliding
electron, and the collision is therefore assumed to be elastic.
The reactance matrix elements corresponding to elastic collisions within the 1s2 2s con-
figuration in LS coupling have been converted to hyperfine structure coupling with 2× 4 6-j
symbols. This method of recoupling is similar to the method used for fine structure reac-
tance matrices (e.g., see the JAJOM program [Saraph 1978]). To avoid confusion, we use
the same notation as Saraph (1978). Let Li, Si, and Ji denote the orbital, spin, and total
electronic angular momenta, respectively, of the Li-like target ion. Let li and si = 1/2 be the
orbital and spin angular momenta of the electronic projectile. When we include the nuclear
spin I = 1/2, the total angular momentum of the target ion becomes Fi, where Fi = Ji + I.
We define the following intermediate couplings: Ki = Ji + li and Gi = Fi + li. The sub-
script i corresponds to any collision channel, while we use j for the initial channel. During
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the collision, the interaction responsible for the transition is the electron-electron electro-
static interaction. The conservation relations for this interaction are L = Lj + lj = Li + li,
S = Sj + sj = Si + si, and p = pj = pi, where p is the parity of the system. Thus, the total
electronic angular momentum of the (target + projectile) system, J = L+ S, as well as the
total angular momentum including the nuclear spin, F = I + J, are conserved. The other
quantum numbers necessary to define uniquely the target state will be denoted by Γi. Using
Racah algebra and recoupling of the angular momenta, it is possible to obtain the reactance
matrix elements between Fp channels from the ones between SLp channels as
RFp(ΓiSiLiJiFiliGi; ΓjSjLjJjFjljGj) =
∑
SLJ
KiKj
C(SLJKi, SiLiJiFiliGi)
×RSLp(ΓiSiLili; ΓjSjLjlj)C(SLJKj , SjLjJjFjljGj) , (1)
where
C(SLJKi, SiLiJiliGi) = (−1)
a (2Ki + 1)
×[(2S + 1)(2L+ 1)(2Ji + 1)(2J + 1)(2Gi + 1)(2Fi + 1)]
1/2
×
{
I Ji Fi
li Gi Ki
}{
Si Li Ji
li Ki L
}{
I Ki Gi
1/2 F J
}{
L Si Ki
1/2 J S
}
. (2)
The phase factor is a = Si − Ji + Ki − I − Fi − Gi − S − J . The collision strengths are
obtained directly from the reactance matrices (Saraph 1978).
Figure 1 shows the resulting collision strength for direct electron excitation as function of
the kinetic energy of the electron. Note that the collision strength is quite small (Ωlu ≈ 10
−3)
at the energies of interest (E ≈ 102 Ryd). Direct collisional excitation is weak, in part,
because the transition is radiatively forbidden, and the forbidden transition rates drop off
rapidly at energies which greatly exceed the excitation energy. As we shall see below, the
small collision strength for direct excitation indicates that this is not a very significant
process at temperatures of interest. While working on this paper, we received a preprint
from Sampson & Zhang (1997) which presented relativistic distorted wave calculations of
the collision strength for the same transition. The Sampson & Zhang collision strength is
shown as a dashed curve in Figure 1. These calculations are in good agreement with our
calculations; the Sampson & Zhang collision strengths are about 7% lower than ours.
The rate of electron collisions which directly excite the hyperfine line per unit volume
is nlneq
dir
lu , where ne is the electron number density and nl is the number density of Li-like
57Fe in the lower hyperfine sublevel. The rate coefficient is
qdirlu =
8.629× 10−6 Ω¯lu(T )
gl T 1/2
exp
(
−∆Elu
k T
)
cm3 s−1 . (3)
6 D’Cruz, Sarazin, Dubau
1 10 100 1000 10000
E (Ryd)
0.000
0.001
0.002
0.003
0.004
0.005
Ω
lu
This paper
Sampson 
& Zhang
Fig. 1.— strength for direct electron excitation of the hyperfine line as a function of the electron
kinetic energy in Rydbergs. The solid curve gives our result, while the dashed line is from Sampson
& Zhang (1997).
Here, Ω¯lu(T ) ≡
∫
∞
0 Ωlu(E) exp(−E/kT ) d(E/kT ), is the thermally-averaged direct collision
strength. The value of Ω¯lu(T ) as a function of temperature is shown in Figure 2, which is
based on the values in Figure 1, for both our calculations and the Sampson & Zhang work.
The rate coefficient for de-excitation is related to equation (3) by detailed balance.
2.2. Direct Proton Collisional Excitation
Often, proton collisions contribute significantly to the excitation of low-lying energy
levels at high temperatures (kT ≫ ∆E). This condition clearly applies to the hyperfine
sublevels under consideration, but not so strongly to other excited levels in the Fe XXIV ion.
Protons are not important for exciting higher levels in Fe XXIV, because they move slower
than electrons, undergo Coulomb repulsion, and do not participate in exchange reactions.
The theory of proton collisional excitation was first developed by Seaton (1964), who
adapted the theory by Alder et al. (1956) for nuclear Coulomb excitations. Seaton (1964)
and Bely & Faucher (1970) used this formalism to calculate the rate of proton collisional
excitation of fine structure levels. This theory can also be applied to the excitation of
hyperfine transitions. Kastner (1977) and Kastner & Bhatia (1979) give detailed expressions
for proton excitation rates based on the theory of Seaton (1964) and Bely & Faucher (1970).
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Fig. 2.— Thermally-averaged collision strength for direct electron excitation of the hyperfine line
as a function of temperature. The solid curve gives our result, while the dashed line is from Sampson
& Zhang (1997).
We applied these expressions to calculate the direct proton excitation of the hyper-
fine sublevels of the Li-like 57Fe ion. According to this theory, proton excitations of the
fine and hyperfine structure sublevels occur primarily through interactions with the electric
quadrupole moment of the ion. For the Li-like ions, the outermost free electron is in the 2s
state. Of course, this state is spherically symmetric, and as such has no quadrupole moment.
Hence, the dominant term in the rate coefficient for proton excitation is zero.
The next most important term in proton collisional excitation is due to the mag-
netic dipole interaction. In general, magnetic dipole cross-sections are smaller than electric
quadrupole cross-sections by a factor of about 10−5 (Alder et al. 1956; Bahcall & Wolf 1968).
To check the importance of magnetic dipole excitation rates due to protons, we compared
the rate coefficients for this process with that due to electron collisions. The magnetic dipole
excitation rates were several orders of magnitude smaller than the electron collision rates.
Hence, proton collisions can be neglected.
3. IINDIRECT COLLISIONAL EXCITATION AND CASCADE
The most important process for exciting the hyperfine line turns out to be electronic
collisional excitation to a more highly excited state, followed by radiative cascade to the
8 D’Cruz, Sarazin, Dubau
excited hyperfine sublevel. We refer to this process as “indirect collisional excitation.” The
rate coefficient for excitation of the upper hyperfine sublevel due to excitations of higher
levels followed by cascades is given by
qindirlu =
8.629× 10−6
gl T 1/2
∑
k>u
C(k, u) Ω¯lk(T ) exp
(
−∆Elk
k T
)
cm3 s−1 , (4)
where the cascade matrix C(k, u) gives the probability that the radiative decay of level k
will eventually lead to the excitation of the level u.
In this section, we derive the branching ratios for radiative decays, calculate in detail
indirect excitation of the hyperfine line through the 1s2 2p configuration, give an approxi-
mate calculation of the rate of indirect excitations through more highly excited levels, and
determine an effective collision strength which gives the total rate of collisional excitation of
the hyperfine line.
3.1. Radiative Cascades
With the exception of the upper hyperfine sublevel in the ground configuration of 57Fe
XXIV, all of the excited sublevels have allowed radiative decays. Here, we give the branching
ratios among the allowed decays between the hyperfine sublevels. We assume LS coupling.
Consider the allowed decays between the an upper level with total electron spin S, total
electron orbital angular momentum L, and total electron angular momentum J , and a lower
level with quantum numbers S ′, L′, and J ′. Let the nuclear angular momentum be I.
Let A(SLJ, S ′L′J ′) be the radiative decay rate between the two levels, averaging over the
hyperfine structure (e.g., the value normally given in tables of atomic data). Let F and
F ′ be two hyperfine sublevels of the upper and lower levels, respectively. Assume that the
hyperfine splittings are small, so that all of the hyperfine transitions have essentially the
same wavelength. Then, irreducible tensor analysis can be used to derive the radiative decay
rate between the hyperfine sublevels, which is given in terms of a 6-j symbol as
A(SLJF, S ′L′J ′F ′) = A(SLJ, S ′L′J ′)(2F ′ + 1)(2J + 1)
{
J ′ J 1
F F ′ I
}2
. (5)
The nuclear spin of 57Fe is I = 1/2. The total decay rate for any given hyperfine sublevel to
all of the hyperfine sublevels of a lower level is then
∑
F ′
A(SLJF, S ′L′J ′F ′) = A(SLJ, S ′L′J ′) , (6)
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where this follows from the orthonormality relation for the 6-j symbols. Thus, the total rates
of decay of all of the upper hyperfine levels are identical and equal to the rate if the hyperfine
structure is not resolved.
Let P (nJF, n′J ′F ′) be the probability that the excited hyperfine sublevel nJF decays
directly to the hyperfine sublevel nJ ′F ′, rather than any other level. Here, n and n′ represents
any other quantum numbers which label the levels. Thus,
P (nJF, n′J ′F ′) ≡
A(nJF, n′J ′F ′)∑
n′′,J ′′,F ′′ A(nJF, n
′′J ′′F ′′)
. (7)
If one substitutes equation (6) for the decay rate, and simplifies the denominator using the
orthonormality relation for 6-j symbols, the decay probability becomes
P (nJF, n′J ′F ′) = P (nJ, n′J ′)(2F ′ + 1)(2J + 1)
{
J ′ J 1
F F ′ I
}2
. (8)
Here, P (nJ, n′J ′) is the decay probability if the fine structure is not resolved,
P (nJ, n′J ′) ≡
A(nJ, n′J ′)∑
n′′,J ′′ A(nJ, n′′J ′′)
. (9)
A very useful quantity in describing indirect collisional excitation and cascades is the
cascade matrix C(nJF, n′J ′F ′), which is defined as the probability that an excitation of the
nJF hyperfine sublevel leads to a population of the n′J ′F ′ sublevel by all possible radiative
cascade routes. Then, if one starts with the obvious result that C(nJF, nJF ) = 1, one can
determine the cascade matrix recursively from the relationship
C(nJF, n′J ′F ′) =
n,J,F∑
(n′′,J ′′,F ′′)>(n′,J ′,F ′)
C(nJF, n′′J ′′F ′′)P (n′′J ′′F ′′, n′J ′F ′) , (10)
where the sum extends to all levels above the n′J ′F ′ sublevel, up to and including the
nJF sublevel. If the upper level nJ is far above the lower level n′J ′, and there are many
intervening levels with allowed decays, and complex cascades dominate the cascade matrix,
so that C(nJF, n′J ′F ′)≫ P (nJF, n′J ′F ′) and P (nJF, n′J ′F ′)≪ 1, then equation (10) has
the approximate solution
C(nJF, n′J ′F ′) ≈ C(nJ, n′J ′)
(2F ′ + 1)
(2F + 1)
(2J + 1)
(2J ′ + 1)
, (11)
where C(nJ, n′J ′) is the cascade matrix if the hyperfine structure is not resolved. Thus,
complex cascades lead to the populations of hyperfine sublevels F ′ in proportion to their
statistical weights.
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A similar result occurs if the upper hyperfine sublevels F are populated in proportion to
their statistical weights. Then, the average decay probability to the lower hyperfine sublevels
F ′ is
〈P (nJ, n′J ′F ′)〉 ≡
∑
F
(2F + 1)
(2J + 1)(2I + 1)
P (nJF, n′J ′F ′) =
(2F ′ + 1)
(2J ′ + 1)(2I + 1)
P (nJ, n′J ′) .
(12)
Thus, the lower hyperfine sublevels F ′ are again populated in proportion to their statistical
weights.
The only levels with allowed decays to the ground configuration in Fe XXIV are 1s2 np
2PJ levels with J = 1/2 or 3/2. The decay probabilities for these hyperfine radiative transi-
tions are listed in Table 1.
Table 1: Hyperfine Radiative Decay Probabilities P (JF, J ′F ′)
Upper Level
J = 1/2 J = 3/2
Lower Level F = 0 F = 1 F = 1 F = 2
F ′ = 0 0 1/3 2/3 0
F ′ = 1 1 2/3 1/3 1
3.2. Hyperfine Branching Ratios for Electron Collisional Excitation
Collision strengths are available in the literature for excitations to excited levels in Fe
XXIV, although these collisional rates average over the hyperfine structure in 57Fe XXIV.
Thus, it is not generally necessary to calculate all of the collision rates anew. Instead, what
is needed are the branching ratios for the collisional rates among the hyperfine sublevels.
These branching ratios can be determined using irreducible tensor analysis, assuming that the
hyperfine structure has a negligible effect on the collision rates. The interaction Hamiltonian
between the bound electron and the colliding free electron can be expanded as a power series
with terms (rλ</r
λ+1
> ), where λ is the index of the series, and r< and r> are the smaller
and larger of the radii of the two interacting electrons. The interactions are further divided
into direct interactions (D) in which the bound and free electrons retain their identities, and
exchange interactions (E) in which they exchange identities.
For an alkali ion, such as the Li-like system, only the valence electron is strongly affected
during the collision. Configuration interactions are negligible between target terms, and only
Li-like 57Fe Hyperfine emission 11
one λ term contributes to the direct interaction for transitions from the 2s configuration.
We can therefore simplify the Racah algebra and reduce the 8 6-j symbols which arise when
equation (2) is squared to only 2 6-j symbols. For either direct or exchange reactions, the
collision strength for a transition between the hyperfine sublevels is given approximately by
Ω(F, F ′) = Ω(J, J ′)(2F + 1)(2F ′ + 1)
{
J ′ J λ
F F ′ I
}2
, (13)
where Ω(J, J ′) is the collision strength between the fine structure levels, ignoring the hyper-
fine structure and nuclear spin. An equivalent result has been given by Sampson & Zhang
(1997), based on jj coupling. If LS coupling is assumed and the fine structure splitting are
also small, then this branching relationship can be extended to include the fine structure in
direct interactions as
ΩD(JF, J ′F ′) = ΩD(LS, L′S)
(2J + 1)(2J ′ + 1)(2F + 1)(2F ′ + 1)
(2S + 1)
×
{
L′ L λ
J J ′ S
}2 {
J ′ J λ
F F ′ I
}2
. (14)
Here, ΩD(LS, L′S) is the direct collision strength between the two terms, ignoring the fine
structure. For direct interactions, the electron spin S is unchanged.
3.3. Indirect Excitation Through 2p Sublevels
In the compilation of collision strengths for Fe XXIV in Gallagher & Pradhan (1985),
the largest excitation rates from the 2s ground configuration are to the levels in the low lying
2p configuration. Thus, we treat the 2p sublevels in detail because their collision strengths
dominate the excitation of the hyperfine line. These sublevels are shown schematically in
Figure 3. The allowed radiative decays and collisional excitation and de-excitation processes
are indicated, along with the radiative and collisional branching ratios.
For each of the transitions between 2s and 2p hyperfine sublevels, the collision strength
and radiative decay rate (for allowed transitions) were calculated, using the same distorted
wave method and recoupling scheme discussed in § 2.1. In Figure 4, we illustrate these
values by giving the collision strengths for transitions between the ground hyperfine 2s F = 0
sublevels and the excited 2p hyperfine sublevels. The values are given as a function of the
incident electron energy (in Rydbergs) for low energy collision (E ≤ 50 Ryd). These results
illustrate several points about the collisional excitation.
First, even at these low energies, the collisional excitation is dominated by allowed
transitions. Collisional excitations and de-excitations between the 2s 2S1/2 F = 0 hyperfine
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Fig. 3.— A schematic energy level diagram of the 2s and 2p hyperfine levels for 57Fe XXIV. The
energies are not shown to scale. The vertical solid lines on the left show the allowed radiative
decays, and the numbers give the branching ratios as defined in Table 1. The vertical lines at
the right are the collisional transitions. The dashed lines give the allowed transitions, and the
numbers give the branching ratios as defined in Table 2. The dotted lines are the weaker forbidden
transitions.
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Fig. 4.— Collision strength versus incident electron energy (in Rydbergs) for electron collisions
between the ground hyperfine 2s F = 0 levels and the excited 2p hyperfine levels of 57Fe XXIV.
sublevel and the 2p 2P1/2 F = 0 or
2P3/2 F = 2 hyperfine sublevels are forbidden. In
Figure 4, the rates for these forbidden transitions are at least a factor of 20 smaller than
the rates for the allowed transitions from the ground 2s 2S1/2 F = 0 hyperfine sublevel to
the 2p 2P1/2 F = 1 or
2P3/2 F = 1 sublevels. When one goes to even higher energies, the
allowed transitions dominate even more strongly. In collisional ionization equilibrium, the
excitation of the 57Fe XXIV line should occur mainly at E ≈ 102 Ryd or T ≈ 2 × 107 K
(§ 6). This is considerably greater than the threshold for the excitation of the 2p 2P1/2 or 2p
2P3/2 levels. Thus, one expects that collisional excitation will be dominated by radiatively
allowed transitions. As a result of radiative excitation of the hyperfine ground levels by
the cosmic microwave background radiation, the populations of the two hyperfine ground
sublevels are expected to be comparable (§ 4). Now, all of the 2p hyperfine sublevels have
allowed transitions from either one or both of the ground hyperfine sublevels. Thus, the
indirect excitation of the 57Fe XXIV line through the 2p sublevels will be dominated by
allowed electron collisional excitations.
For these allowed electron collisional excitations, the branching ratios are given by
equations (13) or (14) with λ = 1. Alternatively, the branching ratios can be found by
application of the Van Regemorter (1962) effective Gaunt factor approximation with the ra-
diative branching ratios in Table 1. The branching ratios Ω(F, F ′)/Ω(2s,2p) for the collision
strengths for the allowed 2s to 2p transitions are given in Table 2, where Ω(2s,2p) is the
total collision strength between the two terms (ignoring the nuclear spin). The branching
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ratios for allowed collisional excitations are also shown in the left half of Figure 3.
Table 2: Hyperfine Allowed Collisional Branching Ratio Ω(F, F ′)/Ω(2s,2p)
Upper Level
J = 1/2 J = 3/2
Lower Level F ′ = 0 F ′ = 1 F ′ = 1 F ′ = 2
F = 0 0 1/6 1/3 0
F = 1 1/6 1/3 1/6 5/6
Second, the collisional excitations and de-excitations between the 2s 2S1/2 F = 0 hyper-
fine sublevel and the 2p 2P1/2 F = 0 or
2P3/2 F = 2 hyperfine sublevels are forbidden. As
noted above, the collisions have a significantly reduced rate relative to the allowed collision.
For forbidden transitions between the singlet 2s F = 0 hyperfine sublevel and the other sub-
levels, the collision strength is proportional to the statistical weight of the upper sublevel,
so that Ω(2s F = 0, 2p F = 2)/Ω(2s F = 0, 2p F = 0) = 5, as shown in Figures 4.
Third, the collisional excitation rates based on our calculations of the collision strength
between individual hyperfine sublevels are in excellent agreement (∼<7%) with the values
determined by applying the collisional branching ratios (Table 2 or eq. (13) to the total
collision strengths from Hayes (1979). The values in Hayes are the ones used to calculate
EUV and X-ray lines from the same ion; as discussed in § 6, these EUV and X-ray lines
can be used with the hyperfine line to determine the abundance of 57Fe accurately. For
consistency with with EUV and X-ray analyses of the same plasma, we have adapted the
Hayes (1979) collision strengths together with the relevant branching ratios.
3.4. Indirect Excitation Through Higher Levels
The collision strengths from the ground configuration to more excited configurations
than 2p were obtained from the critical compilation of Gallagher & Pradhan (1985). For
most of these transitions, the data come from Hayes (1979). The rest are from Mann (1983).
The standard fitting formulae for collision strengths given in Clark et al. (1982) were used to
fit the variation of each collision strength with temperature. The collision strength branching
ratios of equation (13) were used to partition the collisional excitations among the initial
and final hyperfine sublevels. Equations (5) and (10) were used to determine the cascade
matrix from the hyperfine sublevels. However, it is worth noting that the collision strengths
to higher levels are all at least 30 times smaller that the collision strengths to the 2p levels,
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so their contribution is small. Sunyaev & Churazov (1984) first suggested that the dominant
line excitation process for this hyperfine line is electron collisional excitation of the 2p levels.
Collisional ionization and recombination also make a small contribution to the overall
excitation rate for the hyperfine sublevels. We assume that these processes populate the
hyperfine sublevels in proportion to their statistical weights. Note that the cascade matrix
among hyperfine sublevels will preserve such a distribution if it is established in the upper
sublevels (eq. 12).
3.5. Effective Collision Strength and Resonances
The collision strengths for direct excitation and indirect excitation of the hyperfine line
can be combined to give a single effective collision strength for the transition. By combining
equations (3) and (4), one finds
Ω¯efflu = Ω¯lu +
∑
k>u
Ω¯lk(T )C(k, u) exp
(
−∆Euk
k T
)
. (15)
The distorted wave method used to determine the direct collision strength did not
include the effect of resonances on the collision rate. Resonances are less important when
the incident energy greatly exceeds the excitation energy of the transition. Thus, we do
not expect resonances to strongly affect the collisional excitation of the hyperfine line. In
collisional excitation through a resonance, the incident free electron and a bound electron
form a bound autoionizing state, which autoionizes leaving one bound electron in an excited
level. An approximation to the resonance excitation process is to treat each resonance as
a direct collisional excitation in which the incoming electron has an energy which is lower
than the threshold ∆Elk for the excitation (Seaton 1966; Petrini 1970; Mason 1975). The
probabilities for the various decay channels of the autoionizing state in the resonance are
given by the branching ratios for radiative decay. These same radiative decay probabilities
are included in the cascade matrix C(k, u). If the resonance structure is assumed to extend
down to the level u, the combined effect of resonances and cascades is given approximately
by equation (4), with the excitation energy of the highly excited state replaced by ∆Elu
(Mason 1975). Thus, we can include resonances approximately by replacing the effective
collision strength in equation (15) with
Ω¯efflu = Ω¯lu +
∑
k>u
Ω¯lk(T )C(k, u) . (16)
We use this expression to determine the rate of excitation of the 57Fe hyperfine line. Since
most of the excitation is through the 2p levels, and the excitation energy of these levels is
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much less than the temperature at which Fe XXIV is most abundant, this correction for
resonances is small.
The resulting values of the effective collision strength as a function of temperature are
shown in Figure 5. When the electron collision are dominated by direct excitation and/or
allowed collisional excitation followed by direct decay to the ground hyperfine sublevels, the
excitation and de-excitation rates obey detailed balance, and the same effective collision
strength applies to both excitation and de-excitation. This is the case for the 57Fe hyperfine
line.
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Fig. 5.— Thermally-averaged effective collision strength for excitation and de-excitation of the
57Fe hyperfine line versus temperature.
3.6. Optical Pumping
The same indirect electron collisional excitation processes which dominate the collisional
excitation of the 57Fe hyperfine line also produce EUV and X-ray photons. The 2s – 2p
excitations produce EUV lines at 192 A˚ and 255 A˚, while the 2s – 3p excitations make an
X-ray doublet at 10.6 A˚. Photons in these lines, due to the collisional excitation of Fe+23 or
due to some unrelated continuum process, can be absorbed by this ion, and this radiative
excitation will normally be followed by a radiative decay. This resonant scattering process
can also affect the excitation of the ground hyperfine sublevels through the branching ratios
of the radiative cascades to the sublevels (Sunyaev & Churazov 1984). We refer to this
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process as “optical pumping.”
Let nlRlu(nSLJ) be the rate of excitation per unit volume of ions in the lower ground
hyperfine sublevel to the upper ground hyperfine sublevel through the resonant scattering of
a line whose upper level is denoted by the quantum numbers (nSLJ). Let J¯(nSLJ) be the
line profile averaged mean intensity of this EUV or X-ray line, which is defined by
J¯(nSLJ) ≡
∫
Jν(nSLJ)φ(ν) dν . (17)
Here, φ(ν) is the line profile function, which is normalized so that its integral over all fre-
quencies is unity. The mean intensity of the line, Jν(nSLJ), is averaged over all directions.
Then, it is straightforward to show that
Rlu(nSLJ) =
[
c2J¯(nSLJ)
2hν3
]∑
F
2F + 1
2Fl + 1
A(F, Fl)A(F, Fu)∑
F ′ A(F, F
′)
, (18)
where ν is the central frequency of the line, F denotes a hyperfine sublevel of the upper level
nSLJ , and A(F, F ′) is the radiative decay rate of the upper hyperfine sublevel to one of
the ground hyperfine sublevels, F ′ = Fl, Fu. If one ignores the small difference in J¯(nSLJ)
for the hyperfine components of the line, the symmetrical occurrence of Fu and Fl in the
radiative decay rate in equation (18) would imply the detailed balance relation glRlu = guRul.
When one includes the finite hyperfine splitting of the ground level and treats the line profile
in detail including recoil, the relationship for an optically thick line becomes (Field 1959)
glRlu = guRul exp
(
−∆Elu
k T
)
. (19)
Equation (18) can be evaluated easily using equations (5) and (6). For any of the
important resonance lines in Fe XXIV (2s—2p 192 A˚ and 255 A˚, and 2s–3p 10.6 A˚), one
finds that
Rlu(nSLJ) =
2
3
[
c2J¯(nSLJ)
2hν3
]
A(nSLJ, 2s 2S1/2) , (20)
where A(nSLJ, 2s 2S1/2) is the radiative decay rate to the ground level ignoring the hyperfine
structure. Thus, the rate of optical pumping is simply related to the total rate of absorption
of the line photons.
If the photons being resonantly scattered originated through collisional excitation of
Fe+23, optical pumping can be thought of as increasing the effective rate of indirect collisional
excitation. Crudely, the average rate of collisional excitation will be increased by a factor
which is of the order of the optical depth of the line. Under some circumstances, the lines
could be moderately optically thick (optical depths ∼< 10
2), and optical pumping might be
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quite important (Sunyaev & Churazov 1984). Because of radiative transfer, this is a nonlocal
process, which depends on the global structure of the system and on the velocity fields. As
a result, we don’t discuss optical pumping any further in this paper. In Paper II, we include
optical pumping in determining the excitation of the 57Fe hyperfine line in clusters of galaxies
and cooling flows.
4. LEVEL POPULATIONS AND RADIATIVE EXCITATION
Because the 57Fe hyperfine line wavelength is near the peak of the Cosmic Microwave
Background Radiation (CMBR), it is important to include the stimulated radiative processes
as well as spontaneous decay. The rates of stimulated emission and absorption are given by
BulJ¯ and BluJ¯ , respectively. The Einstein coefficients Bul and Blu are related to the rate
for spontaneous decay, Aul, by the Einstein relations,
Bul =
glBlu
gu
=
c2
2hν3o
Aul , (21)
where νo = ∆Elu/h is the line-center frequency of the line. The quantity J¯ is the line profile
averaged mean intensity of the radiation at the 57Fe hyperfine line (e.g., eq. [17]).
The CMBR is a blackbody at a temperature of TR = 2.73 K. Since the hyperfine line
wavelength is near the peak of the CMBR, one has to use the Planck function without any
approximations. However, the line profile of the hyperfine line is expected to be fairly narrow,
and the line profile averaged mean intensity should be given accurately by the blackbody
intensity at the line center, J¯ = Bνo(TR), where Bν(T ) is the blackbody spectrum.
The time scales for excitation and de-excitation of the 2s hyperfine levels are much
shorter than the ages or any other interesting time scales in most astrophysical systems of
interest. Thus, we assume that the hyperfine levels are in statistical equilibrium,
nu
(
Aul +BulJ¯ + nequl
)
= nl
(
BluJ¯ + neqlu
)
. (22)
Here, nu and nl are the number density of ions in the upper and lower hyperfine sublevels,
respectively. The total rate coefficient for collisional excitation, qlu, is determined by replac-
ing the collision strength Ω¯lu with the effective collision strength Ω¯
eff
lu in equation (3). The
effective collision strength is given in equation (16) and Figure 5.
The collisional excitation and de-excitation rates are related by detailed balance,
qlu =
gu
gl
qul exp
(
−
∆Elu
kT
)
. (23)
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Similarly, the Einstein relations (eq. 21) can be used to substitute for Blu and Bul in terms
of Aul. With these simplifications, equation (22) can be solved for the ratio of the occupancy
of the upper and lower hyperfine sublevels:
nu
nl
=
gu
gl
exp
(
−
∆Elu
kT
) 

1 +
(
Aul
nequl
) (
J¯c2
2hν3o
)
exp(+∆Elu/kT )
1 +
(
Aul
nequl
) [
1 +
(
J¯c2
2hν3o
)]

 . (24)
The quantity [(J¯c2)/(2hν3o ) is the photon occupation number of the radiation field at the
frequency of the line.
The above expression implies that when the electron density is very high, the ratio of
level populations approaches LTE at the electron kinetic temperature T . Given the very
small excitation energy ∆Elu, this implies that the ratio of level populations approaches
that of the statistical weights, (nu/nl) = 3, at high densities. It is useful to define a critical
electron density as
ne,cr ≡
Aul
qul
[
1 +
(
J¯c2
2hν3o
)]
≈ 17
(
T
1.8× 107K
)1/2
cm−3 , (25)
such that the rates of radiative and collisional de-excitation are equal at this density. The
numerical value in equation (25) assumes that the radiation field is the CMBR at a temper-
ature of 2.73 K, and the temperature 1.8×107 K is the value at which the ionization fraction
of Fe+23 is maximum in collisional ionization equilibrium (see Figure 6). The electron density
must be at least this high for the level populations to approach LTE at the electron kinetic
temperature. In most astrophysical situations where the 57Fe line would be produced, the
density is considerably less than ne,cr.
On the other hand, all astrophysical plasmas are immersed in the CMBR. In the limit
of very low densities, the level populations due to the CMBR are given by
nu
nl
=
gu
gl
exp
(
−
∆Elu
kTR
)
≈ 0.538 . (26)
for the temperature of the CMBR in the nearby (i.e., low redshift) universe. Thus, the upper
hyperfine level is significantly populated even when there is no collisional excitation.
Because we are most interested in the excitation of the hyperfine line under low density
conditions, it is useful to define a small parameter ǫ as
ǫ ≡
ne
ne,cr
. (27)
Then, in the low density limit, the population is given to first order in ǫ as
nu
nl
≈
gu
gl
exp
(
−
hνo
kTR
){
1 + ǫ
[
exp
(
hνo
kTR
)
− 1
]}
. (28)
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5. RADIATIVE TRANSFER
The emissivity, jν , and the absorption coefficient, κν , of the hyperfine line are given by
jν =
hν
4π
Aul nu φ(ν) , (29)
and
κν =
Aul c
2 φ(ν)
8πν2
gu
nl
gl
(
1−
nu
gu
gl
nl
)
. (30)
The source function for the line, S, is
S ≡
jν
κν
=
2hν3o
c2
nu
gu
gl
nl
(
1−
nu
gu
gl
nl
)
−1
. (31)
In the low density limit (eq. 28), the source function is approximately
S ≈ Bνo(TR)
{
1 + ǫ
[
exp
(
hνo
kTR
)
− 1
]}
, (32)
Typically, the intensity of the line will be much less than that of the CMBR, and we can
take TR = 2.73 K.
For the moment, we will assume that an emission region producing the hyperfine line
is homogeneous. Then, the solution of the radiative transfer equation for the intensity, Iν ,
along any given line-of-sight through the region is
Iν = I
o
ν exp(−τν) + S [1− exp(−τν)] , (33)
where Ioν is the incident intensity on the far side of the region. The optical depth is τν ≡∫
κνds, where s is the path length along the line-of-sight.
The directly observable quantity is not the brightness of the line, but the difference
between the line and the background radiation Ioν . This difference is
∆Iν ≡ (Iν − I
o
ν) = (S − I
o
ν) [1− exp(−τν)] . (34)
In most astrophysical environments, the line will be very optically thin, τν ≪ 1. Moreover,
the background radiation will most often be the CMBR, and the line will be much weaker
than the CMBR. Thus, we can take Ioν = Bν(TR). All of the
57Fe+23 ions are assumed
to be in one of the two hyperfine levels, so that n(57Fe+23) = (nu + nl). Then, if the low
density expression for the source function (eq. 32) is substituted into equation (34) and the
exponential of the optical depth is expanded, the resulting net intensity is
∆Iν =
hνo
4π
D(TR)
∫
nen(
57Fe+23)qluφ(ν)ds . (35)
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The correction factor for radiative excitation of the hyperfine structure D(TR) is
D(TR) ≡
1− exp(−hνo/kTR)
1 + gu
gl
exp(−hνo/kTR)
= 0.533 for TR = 2.73K . (36)
Thus, the line intensity is reduced by about a factor of two below that expected if there
were no radiative excitation of the levels and all of the electrons were in the lower hyperfine
sublevel l. Note that this factor depends somewhat on the redshift z of the emitter, since
TR = 2.73(1 + z).
For completeness, we note that the hyperfine line intensity in the astrophysically less
interesting high density limit (ne ≫ ne,cr) is given by
∆Iν =
hνo
4π
gu
gu + gl
Aul
∫
n(57Fe+23)φ(ν)ds , (37)
which is equivalent to the expression for the intensity of the 21 cm H I line. The fraction of
the ions in the upper hyperfine sublevel (the second factor in eq. [37]) is 3/4, as in hydrogen.
6. RESULTING LINE INTENSITIES
We adopted an solar iron abundance of Fe/H = 4.68 × 10−5 by number (Anders &
Grevesse 1989). The solar system value of the fraction of iron which is 57Fe was taken to
be 2.3% (Vo¨lkening & Papanastassiou 1989). For consistency with the rates of ionization
and emission used in many analyses of the X-ray emission of hot plasmas, we used the same
atomic physics rates as used in the MEKAL X-ray emission code (e.g., Kaastra et al. 1996),
as presented in version 10 of the XSPEC spectral analysis package. The MEKAL program
includes some recent improvements in the treatment of the Fe L X-ray lines, including the
lines from Fe XXIV (e.g., Liedahl et al. 1995). The ionization and recombination rates in the
MEKAL code are basically those from Arnaud & Rothenflug (1985). The ionization fraction
of Fe+23 as a function of temperature is shown in Figure 6.
The luminosity of the hyperfine line in the low density limit can be written as
Lhf = Λhf(T )
∫
npne dV , (38)
where the gas is assumed to be isothermal and in collisional ionization equilibrium. The
integral is the standard integrated emission measure or emission integral of the plasma, where
np is the proton number density and V is the volume of the gas. The emissivity coefficient
Λhf(T ) is shown in Figure 7 for solar abundances; it is proportional to the abundance of
57Fe. In calculating the values in Figure 7, we included ionization and recombination in the
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Fig. 6.— The ionization fraction of Fe+23 as a function of temperature. The ionization fraction
peaks at a temperature of about 1.8× 107 K.
line excitation. By comparing Figures 6 and 7, it is clear that the temperature dependence
of the emissivity coefficient is mainly due to the variation of the ionization fraction of Fe+23
with temperature. The emissivity coefficient peaks around 1.8× 107 K.
In the paper which originally suggested that the 57Fe line might be of astrophysical
interest, Sunyaev & Churazov (1984) estimated the excitation rate of the 57Fe line along with
many other hyperfine lines. For fixed abundances and ionization fractions, their estimate of
the line excitation rate is about a factor of three higher than our values. They estimated that
one-half of all excitations of the 2p levels lead to excitations of the upper hyperfine level.
The actual ratio is slightly lower (4/9 at high energies; see Tables 1 and 2). The primary
difference would seem to be that their values for the 2s–2p excitation rates are about a factor
of three higher than ours. There is some ambiguity in their paper between the definitions
of excitation and de-excitation rates, and their expression for the excitation rate may have
an extra factor of (gu/gl). This could account for the difference in excitation rates. When it
comes to determining the emissivity of the gas at a given temperature, their values exceed
ours by a larger factor, because of the assumption of a higher peak ionization fraction for
Fe+23. On the other hand, their adopted solar abundance for 57Fe is slightly lower than
ours. In any case, it is clear that the intent of the Sunyaev & Churazov paper was only to
give crude estimates of the intensities of a large number of hyperfine lines to support the
suggestion that they might be observable.
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Fig. 7.— The emissivity coefficient Λhf (T ) of the 57Fe+23 hyperfine line as a function of tem-
perature, assuming solar abundances and collisional ionization equilibrium. The temperature de-
pendence is mainly due to the ionization fraction of Fe+23 and hence peaks at a temperature of
1.8× 107 K.
We also calculated the emission of the hyperfine line in a plasma cooling isobarically
due to its own radiation, in the low density limit. The luminosity of the hyperfine line in
gas cooling from a temperature T is given by (White & Sarazin 1987)
Lhf = M˙
[
5
2
k
µmH
∫ T
0
Λhf(T
′)
Λ(T ′)
dT ′
]
= Γhf(T )M˙ , (39)
where Λhf(T ) is the emissivity coefficient of the hyperfine line, Λ(T ) is the coefficient for
the total emissivity of the gas (also sometimes called the cooling function), µ is the mass
per particle in the gas in units of the mass of the hydrogen atom mH , and M˙ is the rate at
which gas is cooling (in g s−1). The function Γhf(T ) is defined by the quantity in brackets in
equation (39), and is given in Figure 8. Γhf(T ) gives the emission per unit mass of cooling
gas, as a function of the initial temperature of the gas. Again, we used the cooling function
derived from the MEKAL code as presented in XSPEC (version 10). Solar abundances are
used in computing the luminosity. The value of Γhf rises rapidly with temperature through
the value at which the Fe+23 ion is most abundant, 1.8×107 K. At temperatures greater than
about 7×107 K, the value of Γhf flattens out, since all gas which starts at higher temperature
passes completely through the temperature range where the line is emitted strongly.
For the purpose of determining the fraction of iron which is 57Fe, it is more useful to
compare the strength of the hyperfine line to other iron lines. In particular, if the comparison
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Fig. 8.— The emission of the 57Fe+23 hyperfine line from a gas cooling isobarically subject to its
own radiation. The function Γhf (T ) gives the energy radiated per unit mass of cooling gas, as a
function of the initial temperature of the gas (eq. 39). Solar abundances and collisional ionization
equilibrium are assumed.
is made to lines produced by the same ion Fe+23, then the derived fractional abundance of
57Fe is nearly independent of the ionization structure in the gas. On the other hand, the
absolute flux of the hyperfine line is very strongly affected by the ionization structure, as is
seen in Fig. 7.
In principle, the best lines for this purpose are the Fe+23 2s — 2p lines, which are 2s
2S1/2 — 2p
2P3/2 192.02 A˚ and 2s
2S1/2 — 2p
2P1/2 255.10 A˚. These lines are excited by
same collisional excitations which we have found to be the main excitation source for the
Fe+23 hyperfine line. As a result, the ratio of the luminosity of the hyperfine fine to the
luminosity of either of these two extreme ultraviolet (EUV) lines is nearly independent of
the temperature or ionization state of the gas. To the extent that the excitation of the
hyperfine line is dominated by 2s–2p collisional excitations, the line ratios depend mainly
on the wavelengths of the lines, the fractional abundance of Fe+23, the radiative correction
factor D(TR) (eq. 36), and the branching ratios (Table 2). For example, in the limit where
2s—2p excitations dominate the hyperfine line and the temperature is much greater than
the excitation energy of these transitions, the luminosity ratio to the 2s 2S1/2 — 2p
2P3/2
192.02 A˚ line is
L(hf)
L(192 A˚)
≈
2
3
D(TR)
(
192 A˚
3.071mm
) [
n(57Fe)
n(Fe)
]
≈ 2.2× 10−6
[
n(57Fe)
n(Fe)
]
. (40)
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The term in brackets is the relative abundance of 57Fe. The equivalent result for the other
EUV line (2s 2S1/2 — 2p
2P1/2 255.10 A˚) is
L(hf)
L(255 A˚)
≈
4
3
D(TR)
(
255 A˚
3.071mm
) [
n(57Fe)
n(Fe)
]
≈ 5.9× 10−6
[
n(57Fe)
n(Fe)
]
. (41)
In Figure 9, the L(hf)/L(192 A˚) line ratio is given from a more detailed calculation including
all excitation processes for both lines, and assuming the solar isotope fraction of 57Fe of 2.3%.
The 192 A˚ line was calculated using the MEKAL code. Other excitation processes produce
a slight temperature variation and increase the line ratio by about 20% above the analytical
estimate at about 120Ryd. As the temperature increases above 2 × 107 K, the ionization
fraction of Fe+23 decreases (Figure 6), and recombination from Fe+24 to Fe+23 becomes an
important excitation process for both the hyperfine line and the 192 A˚ line. This causes the
increase in the line ratio at high temperatures as seen in Figure 9.
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Fig. 9.— The ratios of the luminosity of the 57Fe+23 hyperfine line to the strongest EUV
and X-ray lines from Fe+23. The solid curve is the ratio to the EUV line 2s 2S1/2 — 2p
2P3/2
192.02 A˚ line, while the dashed curve is the ratio to the 2s 2S1/2 — 3p
2P1/2,3/2 10.663, 10.619
A˚ doublet.
One negative feature of the 2s—2p EUV lines is that they are in a part of the spectrum
which is difficult to observe, partly because of Galactic absorption. Moreover, their fluxes
might be uncertain even if detected because of the correction for absorption. The 2s—3p
X-ray lines from Fe+23 are easier to observe, and less subject to absorption. An alternative
standard of comparison might be the allowed doublet of 2s–3p lines, 2s 2S1/2 — 3p
2P3/2
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10.619 A˚ and 2s 2S1/2 — 3p
2P1/2 10.663 A˚. Because this doublet is difficult to resolve, we
consider the luminosity L(10.6 A˚) of the sum of the two lines. The ratio of the hyperfine
line to this doublet is also shown is Figure 9. The 10.6 A˚ line was calculated using the
MEKAL code. Due to the higher excitation energy of this doublet and the difference in the
temperature dependence of the collision strengths exciting the hyperfine line and the 2s—3p
X-ray doublet, this line ratio is much more temperature dependent.
The observability of this line is crucially dependent on its wavelength. We use a wave-
length value of 3.071 mm from the paper by Shabaeva & Shabaev (1992). The uncertainty
in this number is about 0.15% (Shabaev, Shabaeva & Tupitsyn 1995), which translates into
a velocity uncertainty of about 450 km s−1. This is larger than the bandwidth of many radio
spectrometers in this wavelength region. On the other hand, the widths of the 57Fe lines
expected in astrophysical environments may well be even broader (e.g., Paper II). Hence
undertaking observations of this line will be difficult unless a spectrometer with a large
bandwidth is used. We will discuss the detectability of this line further in Paper II.
7. SUMMARY
Sunyaev & Churazov (1984) first showed that the 3.071 mm hyperfine line from Li-like
57Fe might be observable in astrophysical plasmas. We have assessed the various atomic
processes that can contribute to the excitation of this line. We calculated the rate of direct
electron collisional excitation of the upper hyperfine level, and found it to be small. The
rate of proton collisional excitation was shown to be negligible. We calculate the rate of
excitation of the line by electron collisional excitation of more highly excited states, followed
by radiative cascade. We derive the branching ratios for allowed radiative decays to different
hyperfine sublevels, and the resulting cascade matrix. We also derive branching ratios for
the electron collisional excitation of hyperfine sublevels for direct and exchange interactions.
As originally suggested by Sunyaev & Churazov (1984), the dominant process in the
excitation of the 3.071 mm hyperfine line is electron collisional excitation of the 2p levels,
followed by cascade. We calculate the excitation rates for this process, and show that they
are dominated by radiatively allowed transitions, for which the collision strengths can be
derived easily from existing calculations of the collision strengths and the branching ratios.
We derive an effective collision strength for exciting the hyperfine line which includes the
direct collisional excitation, the excitation of the 2p levels and higher levels, cascades, and a
correction for resonances.
At the wavelength of the 3.071 mm hyperfine line, induced radiative transitions due
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to the Cosmic Microwave Background Radiation (and possibly, other microwave radiation
sources) are important. We calculate the effect of the CMBR on the level populations and
line excitation. We determine the net intensity of the line above the background radiation.
The plasmas that radiate the hyperfine line will most likely have electron densities that are
much lower than the electron densities at which radiative decays and collisional excitation
are balanced. Thus, we derive expressions for the net line intensity in this low density limit.
We determine the intensity of the hyperfine line from an isothermal, coronal plasma
in collisional ionization equilibrium with solar abundances. Because collisional excitation of
the line varies slowly with is mainly due to the variation in the ionization fraction of Fe+23.
For a given emission measure, the line intensity is maximum at a temperature of about
1.8× 107 K. Our emission rates are somewhat smaller than the estimates given by Sunyaev
& Churazov (1984). We have also derived the hyperfine line luminosity emitted by a coronal
plasma cooling isobarically due to its own radiation.
Because of the strong dependence of the hyperfine line emissivity on the ionization
state of the gas, the isotopic abundance of 57Fe relative to the total iron abundance is best
determined by comparing the hyperfine line to other lines emitted by the same ion, Fe+23.
We suggest that ratios to the 2s—2p EUV lines at 192 A˚ and 255 A˚ or the 2s–3p X-ray lines
at 10.6 A˚ be used to derive isotopic abundances. We derive these line ratios as a function of
temperature.
In Paper II, we will apply these results to predict the properties of the 3.071 mm 57Fe+23
hyperfine line from cooling flow and non-cooling flow clusters of galaxies.
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ABSTRACT
As noted rst by Sunyaev & Churazov (1984), the 3.071 mm hyperne line
from
57
Fe
+23
might be observable in astrophysical plasmas. We assess the atomic
processes which might contribute to the excitation of this line. The distorted
wave approximation was used to compute the direct electron collision strength
between the two hyperne sublevels of the ground conguration; it was found to
be small. Proton collisional excitation was calculated and found to be negligible.
We determine the rate of line excitation by electron collisional excitation of more
highly excited levels, followed by radiative cascades. The branching ratios for hy-
perne sublevels for allowed radiative decays and electron collisional excitation
or de-excitation are derived. We show that the dominant line excitation process
is electron collisional excitation of the 2p levels followed by radiative decay, as
rst suggested by Sunyaev & Churazov (1984). We calculate an eective collision
strength for excitation of the hyperne line, including all of these eects and cor-
recting for resonances. Because the hyperne line is near the peak in the Cosmic
Microwave Background Radiation spectrum, induced radiative processes are also
very important. The eect of background radiation on the level populations and
line excitation is determined.
We determine the intensity of the hyperne line from an isothermal, coronal
plasma in collisional ionization equilibrium. Because of the variation in the ion-
ization fraction of Fe
+23
, the emissivity peaks at a temperature of about 1:810
7
K.We have also derived the hyperne line luminosity emitted by a coronal plasma
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cooling isobarically due to its own radiation. Comparisons of the hyperne line
to other lines emitted by the same ion, Fe
+23
, are shown to be useful for deriving
the isotopic fraction of
57
Fe. We calculate the ratios of the hyperne line to the
2s|2p EUV lines at 192

A and 255

A, and the 2s{3p X-ray doublet at 10.6

A.
Subject headings: atomic data | atomic processes | hyperne structure | line
formation | radiative transfer | radio lines: general
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1. INTRODUCTION
Astrophysically, the most important and well studied atom exhibiting hyperne struc-
ture is the neutral hydrogen atom. Its hyperne transition at 21 cm has been observed for
many years both in emission and absorption in the gas in our Galaxy and other galaxies, and
has provided information on the velocity structure of these systems (see Dickey & Lockman
1990 for a review). Besides this line, hyperne emission from
3
He has also been observed in
our Galaxy in planetary nebulae (Balser et al. 1997) and H II regions (Rood et al. 1995).
There have also been a number of searches for the 92 cm hyperne line in deuterium (e.g.,
Lubowich, Anantharamiah, & Pasacho 1989). In this paper, we are concerned with another
atomic hyperne transition which could possibly be of astrophysical interest | the 3.071 mm
line (Shabaeva & Shabaev 1992) in Li-like
57
Fe. As originally suggested by Sunyaev & Chu-
razov (1984), it is potentially observable in a variety of astrophysical systems containing very
diuse, hot plasma (T  10
7
K), including clusters of galaxies, elliptical galaxies, hot inter-
stellar gas in our own Galaxy, and supernova remnants. In a related paper, we calculate the
line intensities expected from cooling ow and non-cooling ow clusters of galaxies (D'Cruz
& Sarazin 1997; hereafter Paper II).
In the hot plasmas which would emit the
57
Fe hyperne line, the dominant radiation is
X-ray line and continuum emission. However, observations of the
57
Fe hyperne line might
have several advantages compared to X-ray line observations of the same plasma. First,
the atmospheric absorption at 3.071 mm is low enough to allow ground based observations
with large radio telescopes. Second, the spectral resolution of radio detectors vastly exceeds
that of all existing or planned astrophysical X-ray spectrometers. Thus, observations of the
3.071 mm line could be used to determine the velocity eld (bulk motions, turbulence, and
thermal velocities) in the hot gas in clusters of galaxies and supernova remnants. Third,
the detection of this
57
Fe hyperne line would allow the abundance of this isotope to be
determined relative to the more common
56
Fe isotope. Since these two isotopes are produced
by dierent nuclear processes, this would provide a powerful constraint of nucleosynthesis in
supernova remnants and on the chemical history of the intracluster gas. In this regard, the
most direct measure of the isotope ratio comes from the ratio of the radio line from
57
Fe to
the EUV and X-ray lines from the same ion, Fe XXIV.
The 3.071 mm hyperne line arises from the ground level (1s
2
2s
2
S
1=2
) of
57
Fe XXIV.
The nuclear spin of the
57
Fe isotope is I = 1=2, so the total angular momentum is F = 0
or 1. We denote the lower hyperne sublevel (F = 0) with the subscript l, and the upper
hyperne sublevel (F = 1) with the subscript u. The statistical weights of the hyperne
sublevels are g
l
= 1 and g
u
= 3. The rate of spontaneous radiative decay of the upper
sublevel is A
ul
= 9:4  10
 10
s
 1
(Sunyaev & Churazov 1984).
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In this paper, we evaluate the atomic processes that lead to the production of the
hyperne line in Li-like
57
Fe. We consider direct electron collisional excitation (x 2.1), proton
collisional excitation (x 2.2), indirect excitation to higher levels followed by radiative cascades
(x 3), and stimulated radiative processes due to the CosmicMicrowave Background Radiation
(CMBR) eld (x 4). We present new calculations for the rate of direct electron excitation of
the upper hyperne line (x 2.1), and for indirect excitation of the 2p sublevels in the same
ion, followed by cascade (x 3.3). We derive the branching ratios for radiative and collisional
transitions between the hyperne sublevels of
57
Fe XXIV (xx 3.1, 3.2). A total eective
collision strength for exciting the line is given in x 3.5. The rate of excitation due resonant
scattering of UV and X-ray lines (optical pumping) is discussed in x 3.6. The radiative
transfer of the line and of the CMBR is discussed in x 5. The resulting line intensities in a
few simple situations are given in x 6, where they are also compared to the line intensities
for several EUV and X-ray lines from Fe XXIV. Finally, the results are summarized in x 7.
These excitation rates are used to predict the uxes of this line from clusters in Paper II.
2. DIRECT COLLISIONAL EXCITATION
2.1. Direct Electron Collisional Excitation
The cross-section for direct electron collisional excitation of the excited hyperne sub-
level is (E) = [

lu
=(g
l
E)]a
2
o
, where E is the colliding electron kinetic energy (in Ryd), a
o
is the Bohr radius, and 

lu
is the collision strength. The direct electron collision strength
between the hyperne sublevels was calculated using the distorted wave approximation code
developed by Eissner & Seaton (1972). For the Li-like target wavefunctions, the SUPER-
STRUCTURE code was used. At the temperatures of interest, the excitation energy of the
upper hyperne sublevel, E
lu
, is very small compared to the kinetic energy of the colliding
electron, and the collision is therefore assumed to be elastic.
The reactance matrix elements corresponding to elastic collisions within the 1s
2
2s con-
guration in LS coupling have been converted to hyperne structure coupling with 2 4 6-j
symbols. This method of recoupling is similar to the method used for ne structure reac-
tance matrices (e.g., see the JAJOM program [Saraph 1978]). To avoid confusion, we use
the same notation as Saraph (1978). Let L
i
, S
i
, and J
i
denote the orbital, spin, and total
electronic angular momenta, respectively, of the Li-like target ion. Let l
i
and s
i
= 1=2 be the
orbital and spin angular momenta of the electronic projectile. When we include the nuclear
spin I = 1=2, the total angular momentum of the target ion becomes F
i
, where F
i
= J
i
+ I.
We dene the following intermediate couplings: K
i
= J
i
+ l
i
and G
i
= F
i
+ l
i
. The sub-
script i corresponds to any collision channel, while we use j for the initial channel. During
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the collision, the interaction responsible for the transition is the electron-electron electro-
static interaction. The conservation relations for this interaction are L = L
j
+ l
j
= L
i
+ l
i
,
S = S
j
+ s
j
= S
i
+ s
i
, and p = p
j
= p
i
, where p is the parity of the system. Thus, the total
electronic angular momentum of the (target + projectile) system, J = L+ S, as well as the
total angular momentum including the nuclear spin, F = I + J, are conserved. The other
quantum numbers necessary to dene uniquely the target state will be denoted by  
i
. Using
Racah algebra and recoupling of the angular momenta, it is possible to obtain the reactance
matrix elements between Fp channels from the ones between SLp channels as
R
Fp
( 
i
S
i
L
i
J
i
F
i
l
i
G
i
;  
j
S
j
L
j
J
j
F
j
l
j
G
j
) =
P
SLJ
K
i
K
j
C(SLJK
i
; S
i
L
i
J
i
F
i
l
i
G
i
)
R
SLp
( 
i
S
i
L
i
l
i
;  
j
S
j
L
j
l
j
)C(SLJK
j
; S
j
L
j
J
j
F
j
l
j
G
j
) ; (1)
where
C(SLJK
i
; S
i
L
i
J
i
l
i
G
i
) = ( 1)
a
(2K
i
+ 1)
[(2S + 1)(2L + 1)(2J
i
+ 1)(2J + 1)(2G
i
+ 1)(2F
i
+ 1)]
1=2

(
I J
i
F
i
l
i
G
i
K
i
)(
S
i
L
i
J
i
l
i
K
i
L
)(
I K
i
G
i
1=2 F J
)(
L S
i
K
i
1=2 J S
)
: (2)
The phase factor is a = S
i
  J
i
+ K
i
  I   F
i
  G
i
  S   J . The collision strengths are
obtained directly from the reactance matrices (Saraph 1978).
Figure 1 shows the resulting collision strength for direct electron excitation as function of
the kinetic energy of the electron. Note that the collision strength is quite small (

lu
 10
 3
)
at the energies of interest (E  10
2
Ryd). Direct collisional excitation is weak, in part,
because the transition is radiatively forbidden, and the forbidden transition rates drop o
rapidly at energies which greatly exceed the excitation energy. As we shall see below, the
small collision strength for direct excitation indicates that this is not a very signicant
process at temperatures of interest. While working on this paper, we received a preprint
from Sampson & Zhang (1997) which presented relativistic distorted wave calculations of
the collision strength for the same transition. The Sampson & Zhang collision strength is
shown as a dashed curve in Figure 1. These calculations are in good agreement with our
calculations; the Sampson & Zhang collision strengths are about 7% lower than ours.
The rate of electron collisions which directly excite the hyperne line per unit volume
is n
l
n
e
q
dir
lu
, where n
e
is the electron number density and n
l
is the number density of Li-like
57
Fe in the lower hyperne sublevel. The rate coecient is
q
dir
lu
=
8:629  10
 6



lu
(T )
g
l
T
1=2
exp

 E
lu
k T

cm
3
s
 1
: (3)
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Fig. 1.| strength for direct electron excitation of the hyperne line as a function of the electron
kinetic energy in Rydbergs. The solid curve gives our result, while the dashed line is from Sampson
& Zhang (1997).
Here,



lu
(T ) 
R
1
0


lu
(E) exp( E=kT ) d(E=kT ), is the thermally-averaged direct collision
strength. The value of



lu
(T ) as a function of temperature is shown in Figure 2, which is
based on the values in Figure 1, for both our calculations and the Sampson & Zhang work.
The rate coecient for de-excitation is related to equation (3) by detailed balance.
2.2. Direct Proton Collisional Excitation
Often, proton collisions contribute signicantly to the excitation of low-lying energy
levels at high temperatures (kT  E). This condition clearly applies to the hyperne
sublevels under consideration, but not so strongly to other excited levels in the Fe XXIV ion.
Protons are not important for exciting higher levels in Fe XXIV, because they move slower
than electrons, undergo Coulomb repulsion, and do not participate in exchange reactions.
The theory of proton collisional excitation was rst developed by Seaton (1964), who
adapted the theory by Alder et al. (1956) for nuclear Coulomb excitations. Seaton (1964)
and Bely & Faucher (1970) used this formalism to calculate the rate of proton collisional
excitation of ne structure levels. This theory can also be applied to the excitation of
hyperne transitions. Kastner (1977) and Kastner & Bhatia (1979) give detailed expressions
for proton excitation rates based on the theory of Seaton (1964) and Bely & Faucher (1970).
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Fig. 2.| Thermally-averaged collision strength for direct electron excitation of the hyperne line
as a function of temperature. The solid curve gives our result, while the dashed line is from Sampson
& Zhang (1997).
We applied these expressions to calculate the direct proton excitation of the hyper-
ne sublevels of the Li-like
57
Fe ion. According to this theory, proton excitations of the
ne and hyperne structure sublevels occur primarily through interactions with the electric
quadrupole moment of the ion. For the Li-like ions, the outermost free electron is in the 2s
state. Of course, this state is spherically symmetric, and as such has no quadrupole moment.
Hence, the dominant term in the rate coecient for proton excitation is zero.
The next most important term in proton collisional excitation is due to the mag-
netic dipole interaction. In general, magnetic dipole cross-sections are smaller than electric
quadrupole cross-sections by a factor of about 10
 5
(Alder et al. 1956; Bahcall & Wolf 1968).
To check the importance of magnetic dipole excitation rates due to protons, we compared
the rate coecients for this process with that due to electron collisions. The magnetic dipole
excitation rates were several orders of magnitude smaller than the electron collision rates.
Hence, proton collisions can be neglected.
3. IINDIRECT COLLISIONAL EXCITATION AND CASCADE
The most important process for exciting the hyperne line turns out to be electronic
collisional excitation to a more highly excited state, followed by radiative cascade to the
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excited hyperne sublevel. We refer to this process as \indirect collisional excitation." The
rate coecient for excitation of the upper hyperne sublevel due to excitations of higher
levels followed by cascades is given by
q
indir
lu
=
8:629  10
 6
g
l
T
1=2
X
k>u
C(k; u)



lk
(T ) exp

 E
lk
k T

cm
3
s
 1
; (4)
where the cascade matrix C(k; u) gives the probability that the radiative decay of level k
will eventually lead to the excitation of the level u.
In this section, we derive the branching ratios for radiative decays, calculate in detail
indirect excitation of the hyperne line through the 1s
2
2p conguration, give an approxi-
mate calculation of the rate of indirect excitations through more highly excited levels, and
determine an eective collision strength which gives the total rate of collisional excitation of
the hyperne line.
3.1. Radiative Cascades
With the exception of the upper hyperne sublevel in the ground conguration of
57
Fe
XXIV, all of the excited sublevels have allowed radiative decays. Here, we give the branching
ratios among the allowed decays between the hyperne sublevels. We assume LS coupling.
Consider the allowed decays between the an upper level with total electron spin S, total
electron orbital angular momentum L, and total electron angular momentum J , and a lower
level with quantum numbers S
0
, L
0
, and J
0
. Let the nuclear angular momentum be I.
Let A(SLJ; S
0
L
0
J
0
) be the radiative decay rate between the two levels, averaging over the
hyperne structure (e.g., the value normally given in tables of atomic data). Let F and
F
0
be two hyperne sublevels of the upper and lower levels, respectively. Assume that the
hyperne splittings are small, so that all of the hyperne transitions have essentially the
same wavelength. Then, irreducible tensor analysis can be used to derive the radiative decay
rate between the hyperne sublevels, which is given in terms of a 6-j symbol as
A(SLJF; S
0
L
0
J
0
F
0
) = A(SLJ; S
0
L
0
J
0
)(2F
0
+ 1)(2J + 1)
(
J
0
J 1
F F
0
I
)
2
: (5)
The nuclear spin of
57
Fe is I = 1=2. The total decay rate for any given hyperne sublevel to
all of the hyperne sublevels of a lower level is then
X
F
0
A(SLJF; S
0
L
0
J
0
F
0
) = A(SLJ; S
0
L
0
J
0
) ; (6)
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where this follows from the orthonormality relation for the 6-j symbols. Thus, the total rates
of decay of all of the upper hyperne levels are identical and equal to the rate if the hyperne
structure is not resolved.
Let P (nJF; n
0
J
0
F
0
) be the probability that the excited hyperne sublevel nJF decays
directly to the hyperne sublevel nJ
0
F
0
, rather than any other level. Here, n and n
0
represents
any other quantum numbers which label the levels. Thus,
P (nJF; n
0
J
0
F
0
) 
A(nJF; n
0
J
0
F
0
)
P
n
00
;J
00
;F
00
A(nJF; n
00
J
00
F
00
)
: (7)
If one substitutes equation (6) for the decay rate, and simplies the denominator using the
orthonormality relation for 6-j symbols, the decay probability becomes
P (nJF; n
0
J
0
F
0
) = P (nJ; n
0
J
0
)(2F
0
+ 1)(2J + 1)
(
J
0
J 1
F F
0
I
)
2
: (8)
Here, P (nJ; n
0
J
0
) is the decay probability if the ne structure is not resolved,
P (nJ; n
0
J
0
) 
A(nJ; n
0
J
0
)
P
n
00
;J
00
A(nJ; n
00
J
00
)
: (9)
A very useful quantity in describing indirect collisional excitation and cascades is the
cascade matrix C(nJF; n
0
J
0
F
0
), which is dened as the probability that an excitation of the
nJF hyperne sublevel leads to a population of the n
0
J
0
F
0
sublevel by all possible radiative
cascade routes. Then, if one starts with the obvious result that C(nJF; nJF ) = 1, one can
determine the cascade matrix recursively from the relationship
C(nJF; n
0
J
0
F
0
) =
n;J;F
X
(n
00
;J
00
;F
00
)>(n
0
;J
0
;F
0
)
C(nJF; n
00
J
00
F
00
)P (n
00
J
00
F
00
; n
0
J
0
F
0
) ; (10)
where the sum extends to all levels above the n
0
J
0
F
0
sublevel, up to and including the
nJF sublevel. If the upper level nJ is far above the lower level n
0
J
0
, and there are many
intervening levels with allowed decays, and complex cascades dominate the cascade matrix,
so that C(nJF; n
0
J
0
F
0
) P (nJF; n
0
J
0
F
0
) and P (nJF; n
0
J
0
F
0
) 1, then equation (10) has
the approximate solution
C(nJF; n
0
J
0
F
0
)  C(nJ; n
0
J
0
)
(2F
0
+ 1)
(2F + 1)
(2J + 1)
(2J
0
+ 1)
; (11)
where C(nJ; n
0
J
0
) is the cascade matrix if the hyperne structure is not resolved. Thus,
complex cascades lead to the populations of hyperne sublevels F
0
in proportion to their
statistical weights.
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A similar result occurs if the upper hyperne sublevels F are populated in proportion to
their statistical weights. Then, the average decay probability to the lower hyperne sublevels
F
0
is
hP (nJ; n
0
J
0
F
0
)i 
X
F
(2F + 1)
(2J + 1)(2I + 1)
P (nJF; n
0
J
0
F
0
) =
(2F
0
+ 1)
(2J
0
+ 1)(2I + 1)
P (nJ; n
0
J
0
) :
(12)
Thus, the lower hyperne sublevels F
0
are again populated in proportion to their statistical
weights.
The only levels with allowed decays to the ground conguration in Fe XXIV are 1s
2
np
2
P
J
levels with J = 1=2 or 3/2. The decay probabilities for these hyperne radiative transi-
tions are listed in Table 1.
Table 1: Hyperne Radiative Decay Probabilities P (JF; J
0
F
0
)
Upper Level
J = 1=2 J = 3=2
Lower Level F = 0 F = 1 F = 1 F = 2
F
0
= 0 0 1/3 2/3 0
F
0
= 1 1 2/3 1/3 1
3.2. Hyperne Branching Ratios for Electron Collisional Excitation
Collision strengths are available in the literature for excitations to excited levels in Fe
XXIV, although these collisional rates average over the hyperne structure in
57
Fe XXIV.
Thus, it is not generally necessary to calculate all of the collision rates anew. Instead, what
is needed are the branching ratios for the collisional rates among the hyperne sublevels.
These branching ratios can be determined using irreducible tensor analysis, assuming that the
hyperne structure has a negligible eect on the collision rates. The interaction Hamiltonian
between the bound electron and the colliding free electron can be expanded as a power series
with terms (r

<
=r
+1
>
), where  is the index of the series, and r
<
and r
>
are the smaller
and larger of the radii of the two interacting electrons. The interactions are further divided
into direct interactions (D) in which the bound and free electrons retain their identities, and
exchange interactions (E) in which they exchange identities.
For an alkali ion, such as the Li-like system, only the valence electron is strongly aected
during the collision. Conguration interactions are negligible between target terms, and only
Li-like
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one  term contributes to the direct interaction for transitions from the 2s conguration.
We can therefore simplify the Racah algebra and reduce the 8 6-j symbols which arise when
equation (2) is squared to only 2 6-j symbols. For either direct or exchange reactions, the
collision strength for a transition between the hyperne sublevels is given approximately by

(F;F
0
) = 
(J; J
0
)(2F + 1)(2F
0
+ 1)
(
J
0
J 
F F
0
I
)
2
; (13)
where 
(J; J
0
) is the collision strength between the ne structure levels, ignoring the hyper-
ne structure and nuclear spin. An equivalent result has been given by Sampson & Zhang
(1997), based on jj coupling. If LS coupling is assumed and the ne structure splitting are
also small, then this branching relationship can be extended to include the ne structure in
direct interactions as


D
(JF; J
0
F
0
) = 

D
(LS;L
0
S)
(2J + 1)(2J
0
+ 1)(2F + 1)(2F
0
+ 1)
(2S + 1)

(
L
0
L 
J J
0
S
)
2
(
J
0
J 
F F
0
I
)
2
: (14)
Here, 

D
(LS;L
0
S) is the direct collision strength between the two terms, ignoring the ne
structure. For direct interactions, the electron spin S is unchanged.
3.3. Indirect Excitation Through 2p Sublevels
In the compilation of collision strengths for Fe XXIV in Gallagher & Pradhan (1985),
the largest excitation rates from the 2s ground conguration are to the levels in the low lying
2p conguration. Thus, we treat the 2p sublevels in detail because their collision strengths
dominate the excitation of the hyperne line. These sublevels are shown schematically in
Figure 3. The allowed radiative decays and collisional excitation and de-excitation processes
are indicated, along with the radiative and collisional branching ratios.
For each of the transitions between 2s and 2p hyperne sublevels, the collision strength
and radiative decay rate (for allowed transitions) were calculated, using the same distorted
wave method and recoupling scheme discussed in x 2.1. In Figure 4, we illustrate these
values by giving the collision strengths for transitions between the ground hyperne 2s F = 0
sublevels and the excited 2p hyperne sublevels. The values are given as a function of the
incident electron energy (in Rydbergs) for low energy collision (E  50 Ryd). These results
illustrate several points about the collisional excitation.
First, even at these low energies, the collisional excitation is dominated by allowed
transitions. Collisional excitations and de-excitations between the 2s
2
S
1=2
F = 0 hyperne
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Fig. 3.| A schematic energy level diagram of the 2s and 2p hyperne levels for
57
Fe XXIV. The
energies are not shown to scale. The vertical solid lines on the left show the allowed radiative
decays, and the numbers give the branching ratios as dened in Table 1. The vertical lines at
the right are the collisional transitions. The dashed lines give the allowed transitions, and the
numbers give the branching ratios as dened in Table 2. The dotted lines are the weaker forbidden
transitions.
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Fig. 4.| Collision strength versus incident electron energy (in Rydbergs) for electron collisions
between the ground hyperne 2s F = 0 levels and the excited 2p hyperne levels of
57
Fe XXIV.
sublevel and the 2p
2
P
1=2
F = 0 or
2
P
3=2
F = 2 hyperne sublevels are forbidden. In
Figure 4, the rates for these forbidden transitions are at least a factor of 20 smaller than
the rates for the allowed transitions from the ground 2s
2
S
1=2
F = 0 hyperne sublevel to
the 2p
2
P
1=2
F = 1 or
2
P
3=2
F = 1 sublevels. When one goes to even higher energies, the
allowed transitions dominate even more strongly. In collisional ionization equilibrium, the
excitation of the
57
Fe XXIV line should occur mainly at E  10
2
Ryd or T  2  10
7
K
(x 6). This is considerably greater than the threshold for the excitation of the 2p
2
P
1=2
or 2p
2
P
3=2
levels. Thus, one expects that collisional excitation will be dominated by radiatively
allowed transitions. As a result of radiative excitation of the hyperne ground levels by
the cosmic microwave background radiation, the populations of the two hyperne ground
sublevels are expected to be comparable (x 4). Now, all of the 2p hyperne sublevels have
allowed transitions from either one or both of the ground hyperne sublevels. Thus, the
indirect excitation of the
57
Fe XXIV line through the 2p sublevels will be dominated by
allowed electron collisional excitations.
For these allowed electron collisional excitations, the branching ratios are given by
equations (13) or (14) with  = 1. Alternatively, the branching ratios can be found by
application of the Van Regemorter (1962) eective Gaunt factor approximation with the ra-
diative branching ratios in Table 1. The branching ratios 
(F;F
0
)=
(2s,2p) for the collision
strengths for the allowed 2s to 2p transitions are given in Table 2, where 
(2s,2p) is the
total collision strength between the two terms (ignoring the nuclear spin). The branching
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ratios for allowed collisional excitations are also shown in the left half of Figure 3.
Table 2: Hyperne Allowed Collisional Branching Ratio 
(F;F
0
)=
(2s,2p)
Upper Level
J = 1=2 J = 3=2
Lower Level F
0
= 0 F
0
= 1 F
0
= 1 F
0
= 2
F = 0 0 1/6 1/3 0
F = 1 1/6 1/3 1/6 5/6
Second, the collisional excitations and de-excitations between the 2s
2
S
1=2
F = 0 hyper-
ne sublevel and the 2p
2
P
1=2
F = 0 or
2
P
3=2
F = 2 hyperne sublevels are forbidden. As
noted above, the collisions have a signicantly reduced rate relative to the allowed collision.
For forbidden transitions between the singlet 2s F = 0 hyperne sublevel and the other sub-
levels, the collision strength is proportional to the statistical weight of the upper sublevel,
so that 
(2s F = 0, 2p F = 2)=
(2s F = 0, 2p F = 0) = 5, as shown in Figures 4.
Third, the collisional excitation rates based on our calculations of the collision strength
between individual hyperne sublevels are in excellent agreement (

<7%) with the values
determined by applying the collisional branching ratios (Table 2 or eq. (13) to the total
collision strengths from Hayes (1979). The values in Hayes are the ones used to calculate
EUV and X-ray lines from the same ion; as discussed in x 6, these EUV and X-ray lines
can be used with the hyperne line to determine the abundance of
57
Fe accurately. For
consistency with with EUV and X-ray analyses of the same plasma, we have adapted the
Hayes (1979) collision strengths together with the relevant branching ratios.
3.4. Indirect Excitation Through Higher Levels
The collision strengths from the ground conguration to more excited congurations
than 2p were obtained from the critical compilation of Gallagher & Pradhan (1985). For
most of these transitions, the data come from Hayes (1979). The rest are from Mann (1983).
The standard tting formulae for collision strengths given in Clark et al. (1982) were used to
t the variation of each collision strength with temperature. The collision strength branching
ratios of equation (13) were used to partition the collisional excitations among the initial
and nal hyperne sublevels. Equations (5) and (10) were used to determine the cascade
matrix from the hyperne sublevels. However, it is worth noting that the collision strengths
to higher levels are all at least 30 times smaller that the collision strengths to the 2p levels,
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so their contribution is small. Sunyaev & Churazov (1984) rst suggested that the dominant
line excitation process for this hyperne line is electron collisional excitation of the 2p levels.
Collisional ionization and recombination also make a small contribution to the overall
excitation rate for the hyperne sublevels. We assume that these processes populate the
hyperne sublevels in proportion to their statistical weights. Note that the cascade matrix
among hyperne sublevels will preserve such a distribution if it is established in the upper
sublevels (eq. 12).
3.5. Eective Collision Strength and Resonances
The collision strengths for direct excitation and indirect excitation of the hyperne line
can be combined to give a single eective collision strength for the transition. By combining
equations (3) and (4), one nds



e
lu
=



lu
+
X
k>u



lk
(T )C(k; u) exp

 E
uk
k T

: (15)
The distorted wave method used to determine the direct collision strength did not
include the eect of resonances on the collision rate. Resonances are less important when
the incident energy greatly exceeds the excitation energy of the transition. Thus, we do
not expect resonances to strongly aect the collisional excitation of the hyperne line. In
collisional excitation through a resonance, the incident free electron and a bound electron
form a bound autoionizing state, which autoionizes leaving one bound electron in an excited
level. An approximation to the resonance excitation process is to treat each resonance as
a direct collisional excitation in which the incoming electron has an energy which is lower
than the threshold E
lk
for the excitation (Seaton 1966; Petrini 1970; Mason 1975). The
probabilities for the various decay channels of the autoionizing state in the resonance are
given by the branching ratios for radiative decay. These same radiative decay probabilities
are included in the cascade matrix C(k; u). If the resonance structure is assumed to extend
down to the level u, the combined eect of resonances and cascades is given approximately
by equation (4), with the excitation energy of the highly excited state replaced by E
lu
(Mason 1975). Thus, we can include resonances approximately by replacing the eective
collision strength in equation (15) with



e
lu
=



lu
+
X
k>u



lk
(T )C(k; u) : (16)
We use this expression to determine the rate of excitation of the
57
Fe hyperne line. Since
most of the excitation is through the 2p levels, and the excitation energy of these levels is
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much less than the temperature at which Fe XXIV is most abundant, this correction for
resonances is small.
The resulting values of the eective collision strength as a function of temperature are
shown in Figure 5. When the electron collision are dominated by direct excitation and/or
allowed collisional excitation followed by direct decay to the ground hyperne sublevels, the
excitation and de-excitation rates obey detailed balance, and the same eective collision
strength applies to both excitation and de-excitation. This is the case for the
57
Fe hyperne
line.
105 106 107 108
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0.12
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Fig. 5.| Thermally-averaged eective collision strength for excitation and de-excitation of the
57
Fe hyperne line versus temperature.
3.6. Optical Pumping
The same indirect electron collisional excitation processes which dominate the collisional
excitation of the
57
Fe hyperne line also produce EUV and X-ray photons. The 2s { 2p
excitations produce EUV lines at 192

A and 255

A, while the 2s { 3p excitations make an
X-ray doublet at 10.6

A. Photons in these lines, due to the collisional excitation of Fe
+23
or
due to some unrelated continuum process, can be absorbed by this ion, and this radiative
excitation will normally be followed by a radiative decay. This resonant scattering process
can also aect the excitation of the ground hyperne sublevels through the branching ratios
of the radiative cascades to the sublevels (Sunyaev & Churazov 1984). We refer to this
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process as \optical pumping."
Let n
l
R
lu
(nSLJ) be the rate of excitation per unit volume of ions in the lower ground
hyperne sublevel to the upper ground hyperne sublevel through the resonant scattering of
a line whose upper level is denoted by the quantum numbers (nSLJ). Let

J(nSLJ) be the
line prole averaged mean intensity of this EUV or X-ray line, which is dened by

J(nSLJ) 
Z
J

(nSLJ)() d : (17)
Here, () is the line prole function, which is normalized so that its integral over all fre-
quencies is unity. The mean intensity of the line, J

(nSLJ), is averaged over all directions.
Then, it is straightforward to show that
R
lu
(nSLJ) =
"
c
2

J(nSLJ)
2h
3
#
X
F
2F + 1
2F
l
+ 1
A(F;F
l
)A(F;F
u
)
P
F
0
A(F;F
0
)
; (18)
where  is the central frequency of the line, F denotes a hyperne sublevel of the upper level
nSLJ , and A(F;F
0
) is the radiative decay rate of the upper hyperne sublevel to one of
the ground hyperne sublevels, F
0
= F
l
; F
u
. If one ignores the small dierence in

J(nSLJ)
for the hyperne components of the line, the symmetrical occurrence of F
u
and F
l
in the
radiative decay rate in equation (18) would imply the detailed balance relation g
l
R
lu
= g
u
R
ul
.
When one includes the nite hyperne splitting of the ground level and treats the line prole
in detail including recoil, the relationship for an optically thick line becomes (Field 1959)
g
l
R
lu
= g
u
R
ul
exp

 E
lu
k T

: (19)
Equation (18) can be evaluated easily using equations (5) and (6). For any of the
important resonance lines in Fe XXIV (2s|2p 192

A and 255

A, and 2s{3p 10.6

A), one
nds that
R
lu
(nSLJ) =
2
3
"
c
2

J(nSLJ)
2h
3
#
A(nSLJ; 2s
2
S
1=2
) ; (20)
where A(nSLJ; 2s
2
S
1=2
) is the radiative decay rate to the ground level ignoring the hyperne
structure. Thus, the rate of optical pumping is simply related to the total rate of absorption
of the line photons.
If the photons being resonantly scattered originated through collisional excitation of
Fe
+23
, optical pumping can be thought of as increasing the eective rate of indirect collisional
excitation. Crudely, the average rate of collisional excitation will be increased by a factor
which is of the order of the optical depth of the line. Under some circumstances, the lines
could be moderately optically thick (optical depths

< 10
2
), and optical pumping might be
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quite important (Sunyaev & Churazov 1984). Because of radiative transfer, this is a nonlocal
process, which depends on the global structure of the system and on the velocity elds. As
a result, we don't discuss optical pumping any further in this paper. In Paper II, we include
optical pumping in determining the excitation of the
57
Fe hyperne line in clusters of galaxies
and cooling ows.
4. LEVEL POPULATIONS AND RADIATIVE EXCITATION
Because the
57
Fe hyperne line wavelength is near the peak of the Cosmic Microwave
Background Radiation (CMBR), it is important to include the stimulated radiative processes
as well as spontaneous decay. The rates of stimulated emission and absorption are given by
B
ul

J and B
lu

J , respectively. The Einstein coecients B
ul
and B
lu
are related to the rate
for spontaneous decay, A
ul
, by the Einstein relations,
B
ul
=
g
l
B
lu
g
u
=
c
2
2h
3
o
A
ul
; (21)
where 
o
= E
lu
=h is the line-center frequency of the line. The quantity

J is the line prole
averaged mean intensity of the radiation at the
57
Fe hyperne line (e.g., eq. [17]).
The CMBR is a blackbody at a temperature of T
R
= 2:73 K. Since the hyperne line
wavelength is near the peak of the CMBR, one has to use the Planck function without any
approximations. However, the line prole of the hyperne line is expected to be fairly narrow,
and the line prole averaged mean intensity should be given accurately by the blackbody
intensity at the line center,

J = B

o
(T
R
), where B

(T ) is the blackbody spectrum.
The time scales for excitation and de-excitation of the 2s hyperne levels are much
shorter than the ages or any other interesting time scales in most astrophysical systems of
interest. Thus, we assume that the hyperne levels are in statistical equilibrium,
n
u

A
ul
+B
ul

J + n
e
q
ul

= n
l

B
lu

J + n
e
q
lu

: (22)
Here, n
u
and n
l
are the number density of ions in the upper and lower hyperne sublevels,
respectively. The total rate coecient for collisional excitation, q
lu
, is determined by replac-
ing the collision strength



lu
with the eective collision strength



e
lu
in equation (3). The
eective collision strength is given in equation (16) and Figure 5.
The collisional excitation and de-excitation rates are related by detailed balance,
q
lu
=
g
u
g
l
q
ul
exp

 
E
lu
kT

: (23)
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Similarly, the Einstein relations (eq. 21) can be used to substitute for B
lu
and B
ul
in terms
of A
ul
. With these simplications, equation (22) can be solved for the ratio of the occupancy
of the upper and lower hyperne sublevels:
n
u
n
l
=
g
u
g
l
exp

 
E
lu
kT

8
<
:
1 +

A
ul
n
e
q
ul
 

Jc
2
2h
3
o

exp(+E
lu
=kT )
1 +

A
ul
n
e
q
ul
 h
1 +


Jc
2
2h
3
o
i
9
=
;
: (24)
The quantity [(

Jc
2
)=(2h
3
o
) is the photon occupation number of the radiation eld at the
frequency of the line.
The above expression implies that when the electron density is very high, the ratio of
level populations approaches LTE at the electron kinetic temperature T . Given the very
small excitation energy E
lu
, this implies that the ratio of level populations approaches
that of the statistical weights, (n
u
=n
l
) = 3, at high densities. It is useful to dene a critical
electron density as
n
e;cr

A
ul
q
ul
"
1 +
 

Jc
2
2h
3
o
!#
 17

T
1:8 10
7
K

1=2
cm
 3
; (25)
such that the rates of radiative and collisional de-excitation are equal at this density. The
numerical value in equation (25) assumes that the radiation eld is the CMBR at a temper-
ature of 2.73 K, and the temperature 1:810
7
K is the value at which the ionization fraction
of Fe
+23
is maximum in collisional ionization equilibrium (see Figure 6). The electron density
must be at least this high for the level populations to approach LTE at the electron kinetic
temperature. In most astrophysical situations where the
57
Fe line would be produced, the
density is considerably less than n
e;cr
.
On the other hand, all astrophysical plasmas are immersed in the CMBR. In the limit
of very low densities, the level populations due to the CMBR are given by
n
u
n
l
=
g
u
g
l
exp

 
E
lu
kT
R

 0:538 : (26)
for the temperature of the CMBR in the nearby (i.e., low redshift) universe. Thus, the upper
hyperne level is signicantly populated even when there is no collisional excitation.
Because we are most interested in the excitation of the hyperne line under low density
conditions, it is useful to dene a small parameter  as
 
n
e
n
e;cr
: (27)
Then, in the low density limit, the population is given to rst order in  as
n
u
n
l

g
u
g
l
exp
 
 
h
o
kT
R
!(
1 + 
"
exp
 
h
o
kT
R
!
  1
#)
: (28)
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5. RADIATIVE TRANSFER
The emissivity, j

, and the absorption coecient, 

, of the hyperne line are given by
j

=
h
4
A
ul
n
u
() ; (29)
and


=
A
ul
c
2
()
8
2
g
u
n
l
g
l
 
1  
n
u
g
u
g
l
n
l
!
: (30)
The source function for the line, S, is
S 
j



=
2h
3
o
c
2
n
u
g
u
g
l
n
l
 
1 
n
u
g
u
g
l
n
l
!
 1
: (31)
In the low density limit (eq. 28), the source function is approximately
S  B

o
(T
R
)
(
1 + 
"
exp
 
h
o
kT
R
!
  1
#)
; (32)
Typically, the intensity of the line will be much less than that of the CMBR, and we can
take T
R
= 2:73 K.
For the moment, we will assume that an emission region producing the hyperne line
is homogeneous. Then, the solution of the radiative transfer equation for the intensity, I

,
along any given line-of-sight through the region is
I

= I
o

exp( 

) + S [1  exp( 

)] ; (33)
where I
o

is the incident intensity on the far side of the region. The optical depth is 


R


ds, where s is the path length along the line-of-sight.
The directly observable quantity is not the brightness of the line, but the dierence
between the line and the background radiation I
o

. This dierence is
I

 (I

  I
o

) = (S   I
o

) [1  exp( 

)] : (34)
In most astrophysical environments, the line will be very optically thin, 

 1. Moreover,
the background radiation will most often be the CMBR, and the line will be much weaker
than the CMBR. Thus, we can take I
o

= B

(T
R
). All of the
57
Fe
+23
ions are assumed
to be in one of the two hyperne levels, so that n(
57
Fe
+23
) = (n
u
+ n
l
). Then, if the low
density expression for the source function (eq. 32) is substituted into equation (34) and the
exponential of the optical depth is expanded, the resulting net intensity is
I

=
h
o
4
D(T
R
)
Z
n
e
n(
57
Fe
+23
)q
lu
()ds : (35)
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The correction factor for radiative excitation of the hyperne structure D(T
R
) is
D(T
R
) 
1  exp( h
o
=kT
R
)
1 +
g
u
g
l
exp( h
o
=kT
R
)
= 0:533 for T
R
= 2:73K : (36)
Thus, the line intensity is reduced by about a factor of two below that expected if there
were no radiative excitation of the levels and all of the electrons were in the lower hyperne
sublevel l. Note that this factor depends somewhat on the redshift z of the emitter, since
T
R
= 2:73(1 + z).
For completeness, we note that the hyperne line intensity in the astrophysically less
interesting high density limit (n
e
 n
e;cr
) is given by
I

=
h
o
4
g
u
g
u
+ g
l
A
ul
Z
n(
57
Fe
+23
)()ds ; (37)
which is equivalent to the expression for the intensity of the 21 cm H I line. The fraction of
the ions in the upper hyperne sublevel (the second factor in eq. [37]) is 3/4, as in hydrogen.
6. RESULTING LINE INTENSITIES
We adopted an solar iron abundance of Fe/H = 4:68  10
 5
by number (Anders &
Grevesse 1989). The solar system value of the fraction of iron which is
57
Fe was taken to
be 2.3% (Volkening & Papanastassiou 1989). For consistency with the rates of ionization
and emission used in many analyses of the X-ray emission of hot plasmas, we used the same
atomic physics rates as used in the MEKAL X-ray emission code (e.g., Kaastra et al. 1996),
as presented in version 10 of the XSPEC spectral analysis package. The MEKAL program
includes some recent improvements in the treatment of the Fe L X-ray lines, including the
lines from Fe XXIV (e.g., Liedahl et al. 1995). The ionization and recombination rates in the
MEKAL code are basically those from Arnaud & Rothenug (1985). The ionization fraction
of Fe
+23
as a function of temperature is shown in Figure 6.
The luminosity of the hyperne line in the low density limit can be written as
L
hf
= 
hf
(T )
Z
n
p
n
e
dV ; (38)
where the gas is assumed to be isothermal and in collisional ionization equilibrium. The
integral is the standard integrated emission measure or emission integral of the plasma, where
n
p
is the proton number density and V is the volume of the gas. The emissivity coecient

hf
(T ) is shown in Figure 7 for solar abundances; it is proportional to the abundance of
57
Fe. In calculating the values in Figure 7, we included ionization and recombination in the
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Fig. 6.| The ionization fraction of Fe
+23
as a function of temperature. The ionization fraction
peaks at a temperature of about 1:8 10
7
K.
line excitation. By comparing Figures 6 and 7, it is clear that the temperature dependence
of the emissivity coecient is mainly due to the variation of the ionization fraction of Fe
+23
with temperature. The emissivity coecient peaks around 1:8 10
7
K.
In the paper which originally suggested that the
57
Fe line might be of astrophysical
interest, Sunyaev & Churazov (1984) estimated the excitation rate of the
57
Fe line along with
many other hyperne lines. For xed abundances and ionization fractions, their estimate of
the line excitation rate is about a factor of three higher than our values. They estimated that
one-half of all excitations of the 2p levels lead to excitations of the upper hyperne level.
The actual ratio is slightly lower (4/9 at high energies; see Tables 1 and 2). The primary
dierence would seem to be that their values for the 2s{2p excitation rates are about a factor
of three higher than ours. There is some ambiguity in their paper between the denitions
of excitation and de-excitation rates, and their expression for the excitation rate may have
an extra factor of (g
u
=g
l
). This could account for the dierence in excitation rates. When it
comes to determining the emissivity of the gas at a given temperature, their values exceed
ours by a larger factor, because of the assumption of a higher peak ionization fraction for
Fe
+23
. On the other hand, their adopted solar abundance for
57
Fe is slightly lower than
ours. In any case, it is clear that the intent of the Sunyaev & Churazov paper was only to
give crude estimates of the intensities of a large number of hyperne lines to support the
suggestion that they might be observable.
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Fig. 7.| The emissivity coecient 
hf
(T ) of the
57
Fe
+23
hyperne line as a function of tem-
perature, assuming solar abundances and collisional ionization equilibrium. The temperature de-
pendence is mainly due to the ionization fraction of Fe
+23
and hence peaks at a temperature of
1:8 10
7
K.
We also calculated the emission of the hyperne line in a plasma cooling isobarically
due to its own radiation, in the low density limit. The luminosity of the hyperne line in
gas cooling from a temperature T is given by (White & Sarazin 1987)
L
hf
=
_
M
"
5
2
k
m
H
Z
T
0

hf
(T
0
)
(T
0
)
dT
0
#
=  
hf
(T )
_
M ; (39)
where 
hf
(T ) is the emissivity coecient of the hyperne line, (T ) is the coecient for
the total emissivity of the gas (also sometimes called the cooling function),  is the mass
per particle in the gas in units of the mass of the hydrogen atom m
H
, and
_
M is the rate at
which gas is cooling (in g s
 1
). The function  
hf
(T ) is dened by the quantity in brackets in
equation (39), and is given in Figure 8.  
hf
(T ) gives the emission per unit mass of cooling
gas, as a function of the initial temperature of the gas. Again, we used the cooling function
derived from the MEKAL code as presented in XSPEC (version 10). Solar abundances are
used in computing the luminosity. The value of  
hf
rises rapidly with temperature through
the value at which the Fe
+23
ion is most abundant, 1:810
7
K. At temperatures greater than
about 710
7
K, the value of  
hf
attens out, since all gas which starts at higher temperature
passes completely through the temperature range where the line is emitted strongly.
For the purpose of determining the fraction of iron which is
57
Fe, it is more useful to
compare the strength of the hyperne line to other iron lines. In particular, if the comparison
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Fig. 8.| The emission of the
57
Fe
+23
hyperne line from a gas cooling isobarically subject to its
own radiation. The function  
hf
(T ) gives the energy radiated per unit mass of cooling gas, as a
function of the initial temperature of the gas (eq. 39). Solar abundances and collisional ionization
equilibrium are assumed.
is made to lines produced by the same ion Fe
+23
, then the derived fractional abundance of
57
Fe is nearly independent of the ionization structure in the gas. On the other hand, the
absolute ux of the hyperne line is very strongly aected by the ionization structure, as is
seen in Fig. 7.
In principle, the best lines for this purpose are the Fe
+23
2s | 2p lines, which are 2s
2
S
1=2
| 2p
2
P
3=2
192.02

A and 2s
2
S
1=2
| 2p
2
P
1=2
255.10

A. These lines are excited by
same collisional excitations which we have found to be the main excitation source for the
Fe
+23
hyperne line. As a result, the ratio of the luminosity of the hyperne ne to the
luminosity of either of these two extreme ultraviolet (EUV) lines is nearly independent of
the temperature or ionization state of the gas. To the extent that the excitation of the
hyperne line is dominated by 2s{2p collisional excitations, the line ratios depend mainly
on the wavelengths of the lines, the fractional abundance of Fe
+23
, the radiative correction
factor D(T
R
) (eq. 36), and the branching ratios (Table 2). For example, in the limit where
2s|2p excitations dominate the hyperne line and the temperature is much greater than
the excitation energy of these transitions, the luminosity ratio to the 2s
2
S
1=2
| 2p
2
P
3=2
192.02

A line is
L(hf)
L(192

A)

2
3
D(T
R
)
 
192

A
3:071mm
! "
n(
57
Fe)
n(Fe)
#
 2:2 10
 6
"
n(
57
Fe)
n(Fe)
#
: (40)
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The term in brackets is the relative abundance of
57
Fe. The equivalent result for the other
EUV line (2s
2
S
1=2
| 2p
2
P
1=2
255.10

A) is
L(hf)
L(255

A)

4
3
D(T
R
)
 
255

A
3:071mm
! "
n(
57
Fe)
n(Fe)
#
 5:9 10
 6
"
n(
57
Fe)
n(Fe)
#
: (41)
In Figure 9, the L(hf)=L(192

A) line ratio is given from a more detailed calculation including
all excitation processes for both lines, and assuming the solar isotope fraction of
57
Fe of 2.3%.
The 192

A line was calculated using the MEKAL code. Other excitation processes produce
a slight temperature variation and increase the line ratio by about 20% above the analytical
estimate at about 120Ryd. As the temperature increases above 2  10
7
K, the ionization
fraction of Fe
+23
decreases (Figure 6), and recombination from Fe
+24
to Fe
+23
becomes an
important excitation process for both the hyperne line and the 192

A line. This causes the
increase in the line ratio at high temperatures as seen in Figure 9.
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Fig. 9.| The ratios of the luminosity of the
57
Fe
+23
hyperne line to the strongest EUV
and X-ray lines from Fe
+23
. The solid curve is the ratio to the EUV line 2s
2
S
1=2
| 2p
2
P
3=2
192.02

A line, while the dashed curve is the ratio to the 2s
2
S
1=2
| 3p
2
P
1=2;3=2
10.663, 10.619

A doublet.
One negative feature of the 2s|2p EUV lines is that they are in a part of the spectrum
which is dicult to observe, partly because of Galactic absorption. Moreover, their uxes
might be uncertain even if detected because of the correction for absorption. The 2s|3p
X-ray lines from Fe
+23
are easier to observe, and less subject to absorption. An alternative
standard of comparison might be the allowed doublet of 2s{3p lines, 2s
2
S
1=2
| 3p
2
P
3=2
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10.619

A and 2s
2
S
1=2
| 3p
2
P
1=2
10.663

A. Because this doublet is dicult to resolve, we
consider the luminosity L(10:6

A) of the sum of the two lines. The ratio of the hyperne
line to this doublet is also shown is Figure 9. The 10.6

A line was calculated using the
MEKAL code. Due to the higher excitation energy of this doublet and the dierence in the
temperature dependence of the collision strengths exciting the hyperne line and the 2s|3p
X-ray doublet, this line ratio is much more temperature dependent.
The observability of this line is crucially dependent on its wavelength. We use a wave-
length value of 3.071 mm from the paper by Shabaeva & Shabaev (1992). The uncertainty
in this number is about 0.15% (Shabaev, Shabaeva & Tupitsyn 1995), which translates into
a velocity uncertainty of about 450 km s
 1
. This is larger than the bandwidth of many radio
spectrometers in this wavelength region. On the other hand, the widths of the
57
Fe lines
expected in astrophysical environments may well be even broader (e.g., Paper II). Hence
undertaking observations of this line will be dicult unless a spectrometer with a large
bandwidth is used. We will discuss the detectability of this line further in Paper II.
7. SUMMARY
Sunyaev & Churazov (1984) rst showed that the 3.071 mm hyperne line from Li-like
57
Fe might be observable in astrophysical plasmas. We have assessed the various atomic
processes that can contribute to the excitation of this line. We calculated the rate of direct
electron collisional excitation of the upper hyperne level, and found it to be small. The
rate of proton collisional excitation was shown to be negligible. We calculate the rate of
excitation of the line by electron collisional excitation of more highly excited states, followed
by radiative cascade. We derive the branching ratios for allowed radiative decays to dierent
hyperne sublevels, and the resulting cascade matrix. We also derive branching ratios for
the electron collisional excitation of hyperne sublevels for direct and exchange interactions.
As originally suggested by Sunyaev & Churazov (1984), the dominant process in the
excitation of the 3.071 mm hyperne line is electron collisional excitation of the 2p levels,
followed by cascade. We calculate the excitation rates for this process, and show that they
are dominated by radiatively allowed transitions, for which the collision strengths can be
derived easily from existing calculations of the collision strengths and the branching ratios.
We derive an eective collision strength for exciting the hyperne line which includes the
direct collisional excitation, the excitation of the 2p levels and higher levels, cascades, and a
correction for resonances.
At the wavelength of the 3.071 mm hyperne line, induced radiative transitions due
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to the Cosmic Microwave Background Radiation (and possibly, other microwave radiation
sources) are important. We calculate the eect of the CMBR on the level populations and
line excitation. We determine the net intensity of the line above the background radiation.
The plasmas that radiate the hyperne line will most likely have electron densities that are
much lower than the electron densities at which radiative decays and collisional excitation
are balanced. Thus, we derive expressions for the net line intensity in this low density limit.
We determine the intensity of the hyperne line from an isothermal, coronal plasma
in collisional ionization equilibrium with solar abundances. Because collisional excitation of
the line varies slowly with is mainly due to the variation in the ionization fraction of Fe
+23
.
For a given emission measure, the line intensity is maximum at a temperature of about
1:8 10
7
K. Our emission rates are somewhat smaller than the estimates given by Sunyaev
& Churazov (1984). We have also derived the hyperne line luminosity emitted by a coronal
plasma cooling isobarically due to its own radiation.
Because of the strong dependence of the hyperne line emissivity on the ionization
state of the gas, the isotopic abundance of
57
Fe relative to the total iron abundance is best
determined by comparing the hyperne line to other lines emitted by the same ion, Fe
+23
.
We suggest that ratios to the 2s|2p EUV lines at 192

A and 255

A or the 2s{3p X-ray lines
at 10.6

A be used to derive isotopic abundances. We derive these line ratios as a function of
temperature.
In Paper II, we will apply these results to predict the properties of the 3.071 mm
57
Fe
+23
hyperne line from cooling ow and non-cooling ow clusters of galaxies.
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